COINPOTUBJIEHUE MATEPHUAJIOB
Moayab 4.3

Teopema 0 TPEX MOMEHTax

1. NMpumeHeHue meToaa cun AnNA pacyéta cTaTUYeCKU-HeonpeaenumbIxX 6anok
1.1 OCHOBHbIE MOHATUA

Banku, nexalume 6onee Yem Ha ABYX ornopax, HasblBaloTCsl HepaspesHbIMU. YNCHo NINWHKX CBSI3EN U
peakuuin B Hepaspes3Hoi Garnke paBHO 4MCIy NMPOMEXYTOYHbIX OMop (ToyHee Gonblue 3TOro uucra Ha
KOJNIMYECTBO XXECTKVX 3aeSoK Npu nx Hanmuum). Boibop B KauyecTBe NMULLHMX HEM3BECTHbIX OMOPHbIX peakumi

NPMBOAUT K FPOMO3OKMM BbIYUCIIEHNSAM, NOCKOMbKY YPaBHEHUS, Bblpaxatlolwme oTCyTCTBUE NnepemMeLleHnin Ha
NPOMEXYTOYHbIX onopax cogepxxanu 6bl cpasy Bce HensBecTHble (Puc.l).
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B cnyyae Bbibopa B Ka4yecTBe JIULHNX HEU3BECTHbLIX OMOPHBLIX MOMEHTOB OCHOBHOW cucTeMoi byaet
cucTemMa OoaHOMPONeTHbIX 6anok, coedMHEHHbIX Ha Onopax LiapHMpamu. OKBUBareHTHasi cuctema GyneT
NnpeacTaBnaTb U3 cebsi psa NPOCTbIX LAPHUPHO-OMEPThIX Ganok, HarpyXeHHbIX 3aJaHHOW Harpyskon wu
HEeN3BeCTHbIMU M3rMbaloLWMM MOMEHTaMK Ha oropax.

JononHuTensHOe YypaBHEHUE MepeMelleHin AN KakaoW K3 MPOMEXYTOYHbIX Ofop  AOSMKHO
BblpaXaTb YCIOBME paBEHCTBA HYMIO B3aMMHOrO yrra rMoBOPOTa OMOPHLIX CEYEHUA CMEXHbIX Garok.
MockornbKy kaxpasi U3 ABYX OMOPHbIX Ganok B OCHOBHOM CUCTEME MOXEeT MOBOpayMBaTbCs HA HEKOTOpble

yrbl 07" u 0:°*" . To M3 ycnoBus CNNOLWHOCTU UX B3aUMHBIA yron NoBOPOTa LOIKEH GbiTb paBeH Hymio

0, =02 +0™" =0 (pnc.2)
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Tak kak OCHOBHasi cMcTema NpeacTaBnsieT us cebs cuctemy HecBsi3aHHbIX Mexay coboi 6anok To B3avMHbIi
yron nosopota Ha N -oi onope 0, 3aBUCUT TONMbKO OT HAarpy3oK, AEMCTBYIOLMX B paMKax NpUMbIKatoLLmX K
Her nponeTos |, u | ;. laHHOe yCrnoBue B KAHOHWYECKOM BUAE NMEET BUA
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rae 8,,1,0,,0,,1 - VYTbl MOBOpOTa Ha N-o oOnMope OT  €AWHUYHbIX  MOMEHTOB
M,,.:=LM_  =1LM, ., =1 cooteetctBenHo, a A, - yron nosopoTa Ha 3TO/ OMOpe OT Harpyake
OencTBytoLLEen Ha ABYX MPUMbIKAOLLMX NponeTax.

MycTb Nnowaan anop OT Harpy3oK KOOPAUHATBLI MX LIEHTPOB TSHKECTEN W xkecTkocTn Gankv Ha nponete |
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nOD,CTaBJ'IFIFl HaVI,CI,eHHbIe 3Ha4YeHUA B BblpaXKeHne ad B3anMHOro yria nosopoTa, nomfyymm
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Ons ©arnokK NOCTOSAHHOM >XeCTKOCTU In =const ypaBHEHNE Tpex MOMEHTOB UMEET BN

Mn—l : In + 2 ’ Mn ’ (In + I n+l In+l = _6 wlnan + wn+lbn+l = _6EI : (ezpas. _9263)

Mpu pacyeTe coOCTaBNAETCA CTOMLKO YPaBHEHWIN TPEX MOMEHTOB, CKOMbKO MMEETCS MPOMEXYTOUHbIX
onop. YpaBHeHune AN BTOPON 1 npegnocneaHen onop 6yayT cogepxaTb TONbKO ABa MOMEHTA.
YacTHble cnydyam — oavH U3 KOHLOB Banku npeacraBnseT
A) XeCTKylo 3afernky — Ha 9TOM KOHLUE BBOAAT MPOMEXYTOYHYHO OMopy, a B CTOPOHY 3adenku BBOOAT
(UKTUBHBIV NporneT (MMeloLen HyneBylo ANWHY) M ONA 9TOW OMnopbl COCTaBMASETCA YpaBHEHWE Tpex
MOMEHTOB.
B) cBoGOAHbLIN KOHEL, — BCA Harpyska, AeyCTBYIOLLAaa B paMkax nponeTa 6anku BnnoTb A0 Onvkanwien onopbl
npuBoANTCA K n3rmbatoLemy MOMEHTY, AeNCTBYIOLLEMY Ha 3TOM OMope.
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Mocne onpeneneHus HeuaBeCcTHbIX MomeHTOB M, onpenensioTcs peakuuMm Ha NPOMEXYTOYHbIX
onopax 13 ypaBHEHMWI paBHOBECUS KaXaoW M3 LapHUPHO-oNepTbIX H6anok

1.2. Mpumepbl pelueHuns 3agad

Mpumep 1

[ns 3apaHHoi HepaspesaHoi 6anku (puc.3) np P =50 kH, M =100 kH-m, q=50kH /™, | =1m
onpefenuTb CTeneHb ctatnyeckon Heonpegenumoctn (CCH)



Fg0aHHaA clCTeMa

Puc. 3

1) wun3o06pasnTb OCHOBHYIO CUCTEMY

2) onpenenuTb yribl MOBOPOTa OMopHbIX cedennin 0, n 0."*" ans oTaenbHLIX NPONEeToB OT 3aaaHHOI
Harpysku

3) cocTaBuUTb CWUCTEMY YpaBHEHWA TPEX MOMEHTOB W HaWTW 3HAYEeHWs OMOPHbIX MOMEHTOB Ha
NPOMEXYTO4YHbIX Ornopax

4) onpepenuTb 3Ha4YeHUs ONMOPHbLIX peakuni

5) nocTpouTb anopbl nonepeydHbix cun Q n usrnbarowmx momentos M

6) onpepenuTb BeENUYMHY HaubonbLIEero M3rMbarLero MOMEHTa M MOMEPEYHOM CUMbl B KaXOoMm
nponete

7) nopobpaTtb nornepeyHoe cedyeHve M3 AByTaBpoBbix npodunen no FOCTy npu [c] =160 MIla c
MPOBEPKOW BLIMOMHEHWSI YCIOBWS TPOYHOCTY MO KacaTenbHbIM HanpsbkeHusm npu [t] =100 MIla

8) no antope M3rnbatoLmMx MOMEHTOB AaTb NPUOMKEHHOW O4YepTaHne N30rHYTOW OCK

PelweHue:

1) CCH=3+1+1-3=2 (Tpu Hen3BeCTHbIX B 3agerfike 1 Mo O4HON HEN3BECTHOM peakLunu Ha Kaxaon us onop
MUWHYC TpY YpaBHEHWSI paBHOBECUS ONSA UX ONpPeaeneHnst)

2) [pu NOCTPOEHUN OCHOBHOW CMUCTEMBI XEeCTKas 3adenka Oblna 3ameHeHa Ha wapHUpHY onopy 1 u B
ee CTOpoHy 6bin gobaBneH pUKTUBHLIN NponeT |l =0 Csob6oaHbIl KoHel, Bbin 3aMeHeH Ha MOMEHT
M, = 2P| peiicrteytowmin Ha onope 3

3) Onpegensiem yrnbl NOBOPOTa OTAENbHO OT KaXAOW M3 Harpy3ok Anst kaxgow onopbl MNpu aTOM

MOMEHT Ha BTOPO/ Ofope OTHeceM KO BTOPOMY nporneTy Yron noeopoTa 6GydeT cuuTaThbes
MOMOXMTESbHBIM €CIIM OH HamnpaeneH Mo YacoBOW CTpernke

Onsa onopbl Ne 1
0;** =0

01" = 017" (0) + 017" (M) + 0" (M”) =

3
1Ak M |1+|v|6|1)=

El 24 24

1 (133.33-16,67 + 66,67) = o3
El El

Onsa onopbl Ne 2
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4) CocTtaBnsiem ypaBHeHUs TpeX MOMEHTOB A1 KaX40W 13 onop

Ins onopbl Ne 1 (n=1)

M, 1, +2-M,-(I, +1,)+M, -1, =—6EI - (8}*** —0]*)

Ins onopbl Ne 2 (n=2)

M, -1, +2-M, (I, +1,)+M, -1, =—6EI - (3*** — ;)

MofcTasnss HaaeHHble 3HaYeHus yrnos v yuntbiBas, yto M, =0, M, =—P -2l =-100 kH-m, |, =0
OKOHYaTENbHO MOMYHYMM CIEAYIOLLYH CUCTEMY NIUHENHBLIX anrebpanyecknx ypaBHeHU

8M, +4M, =-1100,

4M, +16M, =-1750

Pewwenne panHoii cuctemsl M, =—-94,64 kH-m, M, =-85,71xkH M.

5) OnpepneneHne onopHbIX peakuni
PaccmMoTpyM ypaBHEHUS] paBHOBECKS OTAENbHBIX CTAaTUYECKU-ONpeaenMMbIX LUapHUPHO-0MepThIX 6anok
M3obpaxaem Bce BHELUHWE CUMbl Y HAWAEHHbIE MOMEHTHI, AEVCTBYIOLLME HA NEPBLIA HEHYNEBOW NponeT

(puc. 4)
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D> =0:=R,-R;*"+q-1,=0

>.M :0:-R;“‘-|2—M+|v|—|v|2+|v|l+q-|2-%:o

M,-M, +05ql; —94,64+85,71+0,5-50-4°
l, 4

R, =-R3* +q-1,=-97,77+50-4 =102,23 xH;

Peakuunsa R;e" npeacTaBnseT YacTb LieNon peakumu, AeNCTBYOLWEN Ha BTOPON ornope npuxoasilen Ha

Hee C NeBoro npornerta.
N3obpaxaem BCe BHELWHME CUMbl U HANOEHHbIE MOMEHTbI, AENCTBYIOLME Ha BTOPOW MPOSET; COXpPaHSem

cBObOOHbIV KOHew, Garnku (puc.5)
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D> ,=0:-R,—R}™ +3P=0

> M=0:R;-41-M;-P-1-P-3I-P-61=0
_ M, +10P-1 -85,71+10-50-1
== -

Ry = —R, +3P = -103,57 +3-50 = 46,43 kH;
OkonuatensHo R, = R;* + R3™* =97,77 + 46,43 =144,20 kH

=R, =103,57 kH,

6) BbipaxeHusa onun narmbaroLwmx MOMEHTOB M NOMEPEYHbIX CUN ANns Bcen banku
CoBmelLlaeM Hayano KOOpAMHaT C KEeCTKOW 3a4eNKON
A) no y4acTtkam
B) B ogHy cTpoOKy
Q) =R;—q-x+ || I[Rz +q-(x=4D)]- | P— || P+ || Ry=
x>4

x>51 x>71 x>8l

=102,23-50-X + || [144,20+50-(x —4)]- || 50— || 50+ || 103,57

X>4 x>51 x>71 x>8l
M,(X) =M, +R,-x—q-X*/2+ || M+ || [[M+R,-(x—4l)+q-(x-41)%/2]— || P-(x-5l) -
x>21 x>41 x>51
— || P-x=7D)+ || R3-(x—8|):—94,64+102,23-x—25-x2+ || 100 +
x>71 x>8l x>21

+ || [-100 +144,20 - (x —4l) + 25 - (x —4)?*]— || 50-(x—5)— || 50-(x—7)+ || 103,57 - (x—8)
x>4 x>5 x>7 Xx>8
3aHocuM 3Ha4YeHus BHYTPEHHUX CUINOBbLIX (baKTOpOB B Ha4varne 1 B KOHLUE KaXaoro U3 y4acTkoB B TaﬁﬂVILLy

z,[m] |0 2-0 2+0 4-0 4+0 5-0 5+0 7-0 7+0 8-0 8+0 |10
Qs 10223 | 223 2723 9777 | 4643 | 4643 | -357 =357 5357 |-5357 |50 50
[xH]

M,, -9464 | 982 | 10982 | 1428 |-8572 |[-3929 |-3929 |-4643 |-4643 |-100 -100 | O
[xHm]

Mo nonyyYeHHbIM TOYKaM CTpPoUM antopbl (puUc.6)
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Pwuc. 6

7) Hawnbonbliee 3Ha4yeHue nonepequVl cunbl N |/|3rV|6a+ou.|,ero MOMEHTAa B KaXXOM nporete
O0<x<d4l:

| Q)™ 102,23 kH, | M7™ |=109,82 kH - m;
4] <x<10I:

| QY™ |=53,57 kH, | M™ |=100,00 kH - m;

8) [llopbop nonepeyvHoro ceveHns
Ycnosue NPOYHOCTU NO HOpMaJibHbIM HanpsAXeHnAaAm
IM7¥|

max z
lo;" I

z

<[oc]=

IMJ™ | 109,82-10°
[c]  160-10°

=0,686-10° m* =686 cm®

Brnkaiumm npodunem okassieaetcst gytaep Ne 36, y kotoporo |, =13380 em*, W, =743 em’,

s=75mm, S, =423 cm’

MpoBepsieM BLINONHEHME YCIOBUS MPOYHOCTU MO KacaTeNbHbIM HaNPsHKEHNAM

QY™ |-S, 102,23-10%-423-10°

~ 1,-s  13380-10°.7,5.10°

z

min __
W,™ =

8

|T] =0,431-10° MMa=431MIla<[1] =100 MIla=

yCroBme NPOYHOCTU MO KacaTeNbHbIM HANPSXXEHWUSIM BbINOMHEHO

9) [pubnuxkeHHoe ouyepTaHWe WM30rHYTOW OCWU MoKa3aHO Ha puc.6. M3orHytas ocb npoxoauT 4yepes
NPOMEXYTOYHbIE OMOpPbI; NPU 3TOM B ABYX TOYKax, rae uarnbarlimi MOMEHT MEHSeT 3Hak - eCTb
TO4YKM nepernéa;



Npumep 2: [Ona 3agaHHOW 3Miopbl M3rMbaoLlmMXx MOMEHTOB BOCCTAaHOBWUTbL HArpysky, ovyepTaHue ynpyroi
NMHUK 1 onpefenuTs MomeHT M, no Teopeme o 3-x MOMeHTax (puc. 7).

PewweHue

3aBMCMMOCTb MOMEHTOB Ha CBOOOAHbLIX KOHLAX — KBagpaTtun4yHaad, nodToMy Ha HUX D,eVICTByeT
paBHomepHo—pacnpep,enéHHaﬂ Harpyska MHTEHCUBHOCTbIO (.

BHyTpu nponétos 2a u 3a - 3aBUCHMOCTb MOMEHTOB — NMUHeNHas (6e3 CKa4ykoB M M3NIOMOB), MO3TOMY Tam

Harpysku oTCyTCTBYIOT.
3anucbliBaeM BblpaXKeHe Teopembl 0 3-X MOMEeHTax Ans e AMHCTBEHHOM NMPOMEeXyTOYHOM onopbl (Mpu
2 2

atom M, :—%;M2 :%;IFZa;I2 =3a):
n=1:M,-1,+2M,(l, +1,) +M,l, =0=
ga’ ga’

n :1:—T-2a+2Ml(2a+3a)+T-3a:O:> M, =-0,05qa°.

N306paxkaem n3orHyTyto ocb (puUc. 8 - ecTb ogHa Touka nepernba Ha BTOPOM y4acTke).

TO'IKA
nepernda
1 ; HCX0THAA
- 1 T CHCTeMA
7
a 2a 3a ‘ a
|'\' -

O0CHOBHAA
M 5 CHCTeMA

“EE A

Puc. 8



Tect no Teme ,,Teopema o Tpéx MmomeHTax*

1. KakoB (pusmyeckuii CMbICn ypaBHEHNSA TeopeMbl O TPEX MOMEHTax? Yka3aTh HOMEp BEpHOTO OTBETA.

1 2 3
Her BebTHKATLHORO Her ropu3oHTansHOro HeTt yrnosoro
p NepeMEILEHUs Ha nepemMelleHna Ha onope
NEpEMCIICHU Ha OITOPE
omnope
2. Yron noBopoOTa Ha onope 3aBMCUT OT MOMEHTa Ha 3TOW ornope, MOMEHTOB Ha onopax cnesa u cnpasa. OT
Yero eLlé 3aBMCKUT Yron NoBopoTa? YkazaTh HOMEpP BEPHOTO OTBETA.
1 2 3
. Harpy3sku cneBa u cripaBa
Harpysku Ha aTon onope Harpysku cieBa oT onopsl
OT OIOPbI
3. Kakast ocHOBHasI CHCTEMa COOTBETCTBYET UCXOAHOM 3amaue (puc.9) ? Yka3aTh HOMep BEPHOTO OTBETA.
0 1 2 0 1 2 3 0o 1 2 3
Puc. 9
1 2 3
A) B) B)
4. KakoBa cTeneHb CTaTU4ECKOM HeonpenenuMmocTu Ganku, MMetollern OOHy KECTKY 3afenky U OaHy
NPOMEXYTOUHYIO LUAPHUPHYI0 ONOpPYy? Yka3aTh HOMEP BEPHOTO OTBETA.
1 2 3
1 2
5. YTO genalT C KOHCOJMbHbIM KOHLOM 6arnku Ha atane cocTaBIieHWsi OCHOBHOW CUCTEMbI? Yka3aTb HOMEp
BEPHOro oTBeTa.
1 2 3 4
VY AaNs0T U IPUBOJST K lMpoBepka oTCYTCTBUSA
lMpoBepka oTCYTCTBUSA lMpoBepka OTCYTCTBUSA A DHBOZAT | PoBEP yTe
7 o MOMEHTY Ha OJIIKHEH HanpsXxeHun
peakuui nepemMeLLeHumn
omnope
6. YTo menarT C XKECTKOM 3a4eriKon Npu peLleHun 3agadm no TeopemMe O TPEX MOMEHTax? YkaszaTh HOMEp
BEPHOI'O OTBETA.
1 2 3
3aMeHSIIOT Ha
HIaPpHUPHYIO
3aMEeHSIOT Ha 3aMeHsIloT Ha PHYPHY
. onopy u
CcBOOOTHBIN LLIAPHUPHYIO
JI00aBIISAIOT
KOHEII onopy .
(bUKTHBHBIN
KOHEI]
7. Kakumu cBonctBammu obnagaeT cucteMa Teopembl O TPEX MOMEHTaxX? YkasaTh HOMEP BEPHOTO OTBETA.

1 2 3
CumMeTpu4Ha U [TonoxxurensHO-0MpeieeHa
CHMMETpUYHA
[I0JIOXKUTEIILHO-OIPE/ICICHA




8. Kakasa u3 aniop n3rnGaroLmx MOMEHTOB COOTBETCTBYET Harpyske

Ha cTaTudeckn-Heonpegenuvyto 6anky
(pnc.10)? YkasaTb HOMeEp NpaBubHOrO OTBETa
a) 6) B)
P , y P ’ y P ;
5 < A ; *: L
” #
y 4 /e d
Puc. 10
1 2 3
a 0 B




OTBETBI K TECTY

Bompoc 1

Bomnpoc 2

Bompoc 3

Bomnpoc 4

Bompoc 5

Bompoc 6

Bompoc 7
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Bompoc 8
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