
Ɇɢɧɢɫɬɟɪɫɬɜɨ�ɨɛɪɚɡɨɜɚɧɢɹ�ɢ�ɧɚɭɤɢ�Ɋɨɫɫɢɣɫɤɨɣ�Ɏɟɞɟɪɚɰɢɢ 
Ɏɟɞɟɪɚɥɶɧɨɟ�ɝɨɫɭɞɚɪɫɬɜɟɧɧɨɟ�ɛɸɞɠɟɬɧɨɟ�ɨɛɪɚɡɨɜɚɬɟɥɶɧɨɟ�ɭɱɪɟɠɞɟɧɢɟ 

ɜɵɫɲɟɝɨ�ɩɪɨɮɟɫɫɢɨɧɚɥɶɧɨɝɨ�ɨɛɪɚɡɨɜɚɧɢɹ 
©Ɍɨɦɫɤɢɣ�ɝɨɫɭɞɚɪɫɬɜɟɧɧɵɣ�ɚɪɯɢɬɟɤɬɭɪɧɨ�ɫɬɪɨɢɬɟɥɶɧɵɣ�ɭɧɢɜɟɪɫɢɬɟɬ» 

 
 
 
 
 
 
 
 

ɇȿɈɉɊȿȾȿɅȿɇɇɕɃ�ɂɇɌȿȽɊȺɅ  
 
 
 
 

Ɇɟɬɨɞɢɱɟɫɤɢɟ�ɭɤɚɡɚɧɢɹ 
ɞɥɹ�ɫɬɭɞɟɧɬɨɜ�ɡɚɨɱɧɨɣ�ɮɨɪɦɵ�ɨɛɭɱɟɧɢɹ 

 
 
 
 

ɋɨɫɬɚɜɢɬɟɥɢ  ɇ�ɋ. Ⱦɨɪɨɮɟɟɜɚ, 
                               Ⱥ�Ȼ. Ʉɚɡɚɱɤɨɜ 

                             
                            

 
 
 
 
 
 

Ɍɨɦɫɤ 2013 



ɇɟɨɩɪɟɞɟɥɟɧɧɵɣ� ɢɧɬɟɝɪɚɥ. ɋɨɫɬ. ɇ�ɋ. Ⱦɨɪɨɮɟɟɜɚ,         
Ⱥ�Ȼ. Ʉɚɡɚɱɤɨɜ. – Ɍɨɦɫɤ: ɂɡɞ�ɜɨ�Ɍɨɦ. ɝɨɫ. ɚɪɯɢɬ.-ɫɬɪɨɢɬ. ɭɧ�ɬɚ, 
2013. – 30 ɫ.  

 
 
 
Ɋɟɰɟɧɡɟɧɬ  Ɋ�ɂ. Ʌɚɡɚɪɟɜɚ 
Ɋɟɞɚɤɬɨɪ   Ɉ�Ⱥ. ɋɟɪɝɟɟɜɚ 

 
 

Ɇɟɬɨɞɢɱɟɫɤɢɟ� ɭɤɚɡɚɧɢɹ� ɤ� ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɣ� ɪɚɛɨɬɟ� ɩɨ 
ɞɢɫɰɢɩɥɢɧɟ� Ȼ2.Ȼ.1 – «Ɇɚɬɟɦɚɬɢɤɚ» ɩɪɢ� ɢɡɭɱɟɧɢɢ� ɬɟɦɵ 
©ɇɟɨɩɪɟɞɟɥɟɧɧɵɣ� ɢɧɬɟɝɪɚɥ» ɞɥɹ� ɫɬɭɞɟɧɬɨɜ� ɩɟɪɜɨɝɨ� ɤɭɪɫɚ� ɡɚɨɱɧɨɣ 
ɮɨɪɦɵ� ɨɛɭɱɟɧɢɹ� ɜɫɟɯ� ɫɩɟɰɢɚɥɶɧɨɫɬɟɣ� ɢ� ɜɫɟɯ� ɧɚɩɪɚɜɥɟɧɢɣ� ɢ 
ɩɪɨɮɢɥɟɣ� ɩɨɞɝɨɬɨɜɤɢ� ɫɩɟɰɢɚɥɢɫɬɨɜ� ɢ� ɛɚɤɚɥɚɜɪɨɜ. ɋɨɞɟɪɠɚɬ 
ɬɟɨɪɟɬɢɱɟɫɤɢɟ� ɫɜɟɞɟɧɢɹ, ɪɟɲɟɧɢɹ� ɬɢɩɨɜɵɯ� ɡɚɞɚɱ� ɢ� ɜɚɪɢɚɧɬɵ 
ɤɨɧɬɪɨɥɶɧɵɯ�ɡɚɞɚɧɢɣ. 
 
 

ɉɟɱɚɬɚɸɬɫɹ� ɩɨ� ɪɟɲɟɧɢɸ� ɦɟɬɨɞɢɱɟɫɤɨɝɨ� ɫɟɦɢɧɚɪɚ� ɤɚɮɟɞɪɵ 
ɜɵɫɲɟɣ�ɦɚɬɟɦɚɬɢɤɢ, ɩɪɨɬɨɤɨɥ�ʋ  4 ɨɬ 10 ɞɟɤɚɛɪɹ 2012 ɝ. 

 
ɍɬɜɟɪɠɞɟɧɵ� ɢ� ɜɜɟɞɟɧɵ� ɜ� ɞɟɣɫɬɜɢɟ� ɩɪɨɪɟɤɬɨɪɨɦ� ɩɨ� ɭɱɟɛɧɨɣ 

ɪɚɛɨɬɟ�ȼ�ȼ. Ⱦɡɸɛɨ 
 

ɫ 1.09. 2013 
                                                                                  ɞɨ 1.09.2018 

 
Ɉɪɢɝɢɧɚɥ�ɦɚɤɟɬ�ɩɨɞɝɨɬɨɜɥɟɧ�ȼ�ȼ. Ɇɚɤɚɪɨɜɨɣ  . 

 
ɉɨɞɩɢɫɚɧɨ�ɜ�ɩɟɱɚɬɶ  

Ɏɨɪɦɚɬ 60×84. Ȼɭɦɚɝɚ�ɨɮɫɟɬ. Ƚɚɪɧɢɬɭɪɚ�Ɍɚɣɦɫ. 
ɍɱ.-ɢɡɞ. ɥ.       . Ɍɢɪɚɠ     ɷɤɡ. Ɂɚɤɚɡ�ʋ  

 
ɂɡɞ�ɜɨ�ɌȽȺɋɍ,  634003, ɝ. Ɍɨɦɫɤ, ɩɥ. ɋɨɥɹɧɚɹ, 2. 
Ɉɬɩɟɱɚɬɚɧɨ�ɫ�ɨɪɢɝɢɧɚɥ�ɦɚɤɟɬɚ�ɜ�ɈɈɉ�ɌȽȺɋɍ. 

634003, ɝ. Ɍɨɦɫɤ, ɭɥ. ɉɚɪɬɢɡɚɧɫɤɚɹ, 15. 
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ȼȼȿȾȿɇɂȿ 

ɉɪɟɞɥɚɝɚɟɦɵɟ� ɦɟɬɨɞɢɱɟɫɤɢɟ� ɭɤɚɡɚɧɢɹ� ɩɪɟɞɧɚɡɧɚɱɟɧɵ� ɞɥɹ 
ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɣ� ɪɚɛɨɬɵ� ɫɬɭɞɟɧɬɨɜ� ɡɚɨɱɧɨɝɨ�ɮɚɤɭɥɶɬɟɬɚ� ɜ� ɩɪɨ-
ɰɟɫɫɟ� ɜɵɩɨɥɧɟɧɢɹ� ɤɨɧɬɪɨɥɶɧɨɣ� ɪɚɛɨɬɵ� ɩɨ� ɬɟɦɟ «ɇɟɨɩɪɟɞɟɥɟɧ-
ɧɵɣ�ɢɧɬɟɝɪɚɥ». 

Ɇɚɬɟɦɚɬɢɱɟɫɤɨɟ� ɫɨɞɟɪɠɚɧɢɟ� ɞɚɧɧɨɝɨ� ɪɚɡɞɟɥɚ� ɧɚɩɪɚɜɥɟɧɨ 
ɧɚ� ɮɨɪɦɢɪɨɜɚɧɢɟ� ɭ� ɫɬɭɞɟɧɬɚ� ɨɛɳɟɤɭɥɶɬɭɪɧɵɯ (ɈɄ) ɢ� ɩɪɨɮɟɫ-
ɫɢɨɧɚɥɶɧɵɯ�ɤɨɦɩɟɬɟɧɰɢɣ (ɉɄ):  

 
 

ɈɄ-1 ȼɥɚɞɟɧɢɟ�ɤɭɥɶɬɭɪɨɣ�ɦɵɲɥɟɧɢɹ, ɫɩɨɫɨɛɧɨɫɬɶɸ�ɤ� ɨɛɨɛɳɟɧɢɸ, ɚɧɚ-
ɥɢɡɭ, ɜɨɫɩɪɢɹɬɢɸ�ɢɧɮɨɪɦɚɰɢɢ, ɩɨɫɬɚɧɨɜɤɟ�ɰɟɥɢ�ɢ�ɜɵɛɨɪɭ�ɩɭɬɟɣ�ɟɟ 
ɞɨɫɬɢɠɟɧɢɹ 

ɈɄ-9 ɋɩɨɫɨɛɧɨɫɬɶ�ɤ�ɰɟɥɟɧɚɩɪɚɜɥɟɧɧɨɦɭ�ɩɪɢɦɟɧɟɧɢɸ�ɛɚɡɨɜɵɯ�ɡɧɚɧɢɣ�ɜ 
ɨɛɥɚɫɬɢ�ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ, ɟɫɬɟɫɬɜɟɧɧɵɯ, ɝɭɦɚɧɢɬɚɪɧɵɯ�ɢ�ɷɤɨɧɨɦɢ-
ɱɟɫɤɢɯ�ɧɚɭɤ�ɜ�ɩɪɨɮɟɫɫɢɨɧɚɥɶɧɨɣ�ɞɟɹɬɟɥɶɧɨɫɬɢ 

ɉɄ-1 ɋɩɨɫɨɛɧɨɫɬɶ� ɢɫɩɨɥɶɡɨɜɚɬɶ� ɡɚɤɨɧɵ� ɢ� ɦɟɬɨɞɵ� ɦɚɬɟɦɚɬɢɤɢ, ɟɫɬɟɫɬ-
ɜɟɧɧɵɯ, ɝɭɦɚɧɢɬɚɪɧɵɯ� ɢ� ɷɤɨɧɨɦɢɱɟɫɤɢɯ� ɧɚɭɤ� ɩɪɢ� ɪɟɲɟɧɢɢ� ɩɪɨ-
ɮɟɫɫɢɨɧɚɥɶɧɵɯ�ɡɚɞɚɱ  

 
ȼ�ɪɟɡɭɥɶɬɚɬɟ�ɨɫɜɨɟɧɢɹ�ɦɚɬɟɪɢɚɥɚ�ɫɬɭɞɟɧɬ�ɞɨɥɠɟɧ: 
Ɂɧɚɬɶ: ɩɨɧɹɬɢɟ� ɩɟɪɜɨɨɛɪɚɡɧɨɣ� ɮɭɧɤɰɢɢ� ɢ� ɧɟɨɩɪɟɞɟɥɟɧɧɨɝɨ� ɢɧɬɟɝɪɚɥɚ, 

ɢɯ�ɨɫɧɨɜɧɵɟ�ɫɜɨɣɫɬɜɚ�ɢ�ɦɟɬɨɞɵ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ.   
ɍɦɟɬɶ: ɩɪɚɜɢɥɶɧɨ�ɢɫɩɨɥɶɡɨɜɚɬɶ� ɧɭɠɧɵɟ�ɦɟɬɨɞɵ�ɜ� ɡɚɜɢɫɢɦɨɫɬɢ�ɨɬ�ɜɢɞɚ 

ɢɧɬɟɝɪɚɥɚ. 
ȼɥɚɞɟɬɶ: ɨɫɧɨɜɧɵɦɢ�ɦɟɬɨɞɚɦɢ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ. 

 

Ɉɫɧɨɜɧɨɣ� ɡɚɞɚɱɟɣ� ɢɧɬɟɝɪɚɥɶɧɨɝɨ� ɢɫɱɢɫɥɟɧɢɹ� ɹɜɥɹɟɬɫɹ� ɧɚ-
ɯɨɠɞɟɧɢɟ�ɮɭɧɤɰɢɢ�ɩɨ�ɟɟ�ɢɡɜɟɫɬɧɨɣ�ɩɪɨɢɡɜɨɞɧɨɣ. ɇɚɩɪɢɦɟɪ: ɢɡ-
ɜɟɫɬɧɨ�ɭɫɤɨɪɟɧɢɟ�ɞɜɢɠɟɧɢɹ, ɚ�ɧɟɨɛɯɨɞɢɦɨ�ɨɩɪɟɞɟɥɢɬɶ�ɫɤɨɪɨɫɬɶ 
ɢ�ɡɚɤɨɧ�ɞɜɢɠɟɧɢɹ. 

ɂɧɬɟɝɪɢɪɨɜɚɧɢɟ� ɩɪɟɞɫɬɚɜɥɹɟɬ� ɫɨɛɨɣ� ɨɩɟɪɚɰɢɸ, ɨɛɪɚɬɧɭɸ 
ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɸ, ɩɨɷɬɨɦɭ� ɞɥɹ� ɩɪɨɜɟɪɤɢ� ɩɪɚɜɢɥɶɧɨɫɬɢ� ɜɵ-
ɩɨɥɧɟɧɧɨɝɨ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ�ɞɨɫɬɚɬɨɱɧɨ�ɨɬ�ɪɟɡɭɥɶɬɚɬɚ�ɜɡɹɬɶ�ɩɪɨ-
ɢɡɜɨɞɧɭɸ�í�ɞɨɥɠɧɚ�ɩɨɥɭɱɢɬɶɫɹ�ɩɨɞɵɧɬɟɝɪɚɥɶɧɚɹ�ɮɭɧɤɰɢɹ. 
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Ɍɟɦɚ 1. ɉɈɇəɌɂȿ�ɇȿɈɉɊȿȾȿɅȿɇɇɈȽɈ�ɂɇɌȿȽɊȺɅȺ  
1. Ɉɫɧɨɜɧɵɟ�ɫɜɟɞɟɧɢɹ�ɢɡ�ɬɟɨɪɢɢ 

1.1. Понятие первообразной функции 
 

Ɉɩɪɟɞɟɥɟɧɢɟ.�Ɏɭɧɤɰɢɹ )(xF �ɧɚɡɵɜɚɟɬɫɹ�ɩɟɪɜɨɨɛɪɚɡɧɨɣ 
ɞɥɹ�ɮɭɧɤɰɢɢ )(xf �ɧɚ�ɞɚɧɧɨɦ�ɩɪɨɦɟɠɭɬɤɟ, ɟɫɥɢ�ɜ�ɤɚɠɞɨɣ�ɬɨɱɤɟ 
ɷɬɨɝɨ�ɩɪɨɦɟɠɭɬɤɚ )()( xfxF =¢ . 

Ɂɚɞɚɱɚ� ɨɬɵɫɤɚɧɢɹ� ɩɟɪɜɨɨɛɪɚɡɧɨɣ� ɩɨ� ɢɡɜɟɫɬɧɨɣ� ɮɭɧɤɰɢɢ 
)(xf �ɪɟɲɚɟɬɫɹ�ɧɟɨɞɧɨɡɧɚɱɧɨ. 

 
Ɍɟɨɪɟɦɚ.�ȿɫɥɢ )(xF  - ɩɟɪɜɨɨɛɪɚɡɧɚɹ�ɞɥɹ )(xf ,  ɬɨ�ɥɸɛɚɹ 

ɞɪɭɝɚɹ�ɩɟɪɜɨɨɛɪɚɡɧɚɹ�ɞɥɹ�ɷɬɨɣ�ɮɭɧɤɰɢɢ�ɧɚ�ɬɨɦ�ɠɟ�ɩɪɨɦɟɠɭɬɤɟ 
ɢɦɟɟɬ�ɜɢɞ СxF +)( , ɝɞɟ С�í�ɧɟɤɨɬɨɪɨɟ�ɩɪɨɢɡɜɨɥɶɧɨɟ�ɱɢɫɥɨ. 

ɂɡ�ɬɟɨɪɟɦɵ�ɫɥɟɞɭɟɬ, ɱɬɨ�ɟɫɥɢ�ɮɭɧɤɰɢɹ )(xf �ɧɚ�ɩɪɨɦɟɠɭɬ-
ɤɟ�ɢɦɟɟɬ� ɩɟɪɜɨɨɛɪɚɡɧɭɸ, ɬɨ� ɨɧɚ� ɢɦɟɟɬ� ɛɟɫɤɨɧɟɱɧɨɟ�ɦɧɨɠɟɫɬɜɨ 
ɩɟɪɜɨɨɛɪɚɡɧɵɯ�ɧɚ�ɷɬɨɦ�ɩɪɨɦɟɠɭɬɤɟ. 

 
1.2. Определение неопределенного интеграла и его 

          основные свойства 
 
Ɉɩɪɟɞɟɥɟɧɢɟ.� ɋɨɜɨɤɭɩɧɨɫɬɶ� ɜɫɟɯ� ɩɟɪɜɨɨɛɪɚɡɧɵɯ� ɮɭɧɤ-

ɰɢɢ )(xf �ɧɚ�ɞɚɧɧɨɦ�ɩɪɨɦɟɠɭɬɤɟ�ɧɚɡɵɜɚɸɬ�ɧɟɨɩɪɟɞɟɥɟɧɧɵɦ�ɢɧ-
ɬɟɝɪɚɥɨɦ� ɨɬ� ɮɭɧɤɰɢɢ )(xf � ɢ� ɨɛɨɡɧɚɱɚɸɬ ò dxxf )( , ɩɪɢ� ɷɬɨɦ 

)(xf � ɧɚɡɵɜɚɸɬ� ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɣ� ɮɭɧɤɰɢɟɣ, ɜɵɪɚɠɟɧɢɟ 
dxxf ×)(  - ɩɨɞɵɧɬɟɝɪɚɥɶɧɵɦ, ɚ�ɩɟɪɟɦɟɧɧɨɣ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ�ɹɜ-

ɥɹɟɬɫɹ  х. 
ɂɬɚɤ, CxFdxxf +=ò )()( . 
 
Ɍɟɨɪɟɦɚ. ȿɫɥɢ�ɮɭɧɤɰɢɹ )(xf � ɧɟɩɪɟɪɵɜɧɚɹ�ɧɚ� ɧɟɤɨɬɨɪɨɦ 

ɩɪɨɦɟɠɭɬɤɟ,  ɬɨ�ɞɥɹ�ɧɟɟ�ɧɚ�ɷɬɨɦ�ɩɪɨɦɟɠɭɬɤɟ�ɫɭɳɟɫɬɜɭɟɬ�ɩɟɪɜɨ-
ɨɛɪɚɡɧɚɹ, ɚ�ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɢ�ɧɟɨɩɪɟɞɟɥɟɧɧɵɣ�ɢɧɬɟɝɪɚɥ. 
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Ɉɬɦɟɬɢɦ�ɨɫɧɨɜɧɵɟ�ɫɜɨɣɫɬɜɚ�ɧɟɨɩɪɟɞɟɥɟɧɧɨɝɨ�ɢɧɬɟɝɪɚɥɚ: 
1. òò ×=× dxxfкdxxfк )()( , ɝɞɟ к – ɤɨɧɫɬɚɧɬɚ, ɬ�ɟ. ɩɨɫɬɨɹɧ-

ɧɵɣ�ɦɧɨɠɢɬɟɥɶ�ɦɨɠɧɨ�ɜɵɧɨɫɢɬɶ�ɡɚ�ɡɧɚɤ�ɧɟɨɩɪɟɞɟɥɟɧɧɨɝɨ�ɢɧɬɟ-
ɝɪɚɥɚ.  

2. ò ò j±ò =j± dxxdxxfdxxxf )()()]()([ , ɬ�ɟ. ɧɟɨɩɪɟɞɟɥɟɧ-
ɧɵɣ�ɢɧɬɟɝɪɚɥ�ɨɬ� ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ� ɫɭɦɦɵ� ɧɟɩɪɟɪɵɜɧɵɯ� ɧɚ� ɧɟɤɨ-
ɬɨɪɨɦ� ɩɪɨɦɟɠɭɬɤɟ�ɮɭɧɤɰɢɣ�ɪɚɜɟɧ� ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ� ɫɭɦɦɟ�ɢɧɬɟ-
ɝɪɚɥɨɜ�ɨɬ�ɤɚɠɞɨɣ�ɫɥɚɝɚɟɦɨɣ�ɮɭɧɤɰɢɢ. 

 
1.3. Таблица основных интегралов 
 
1.  ò += Cxdx    

2.  Cxdxx +
+a

=ò
+a

a

1

1

 ( 1-¹a ) 

3.  Cx
x

dx
+=ò ln  

4.  ò += Cedxe xx  

5.  ò += C
a

adxa
x

x

ln
 ( 0>a , 1¹a ) 

6.  ò +-= Cxxdx cossin  

7.  ò += Cxxdx sincos  

8.  ò +=
+

C
a
x

aax
dx arctg1

22  ( 0¹a ) 

9.  ò +
+
-

=
-

C
ax
ax

aax
dx ln

2
1

22  

10. ò +=
-

C
a
x

xa
dx arcsin

22
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11. ò +±+=
±

Caxx
ax

dx 22
22

ln  

12. Cx
x

dx
+=ò tg

cos2  

13. Cx
x

dx
+-=ò ctg

sin 2  

 
 

Ɍɟɦɚ 2. ɈɋɇɈȼɇɕȿ�ɆȿɌɈȾɕ�ɂɇɌȿȽɊɂɊɈȼȺɇɂə 
 
Ɂɚɞɚɱɚ� ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ� ɹɜɥɹɟɬɫɹ� ɞɨɫɬɚɬɨɱɧɨ� ɬɪɭɞɧɨɣ, ɬ. ɤ. 

ɧɟɬ�ɩɪɚɜɢɥ�ɞɥɹ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ�ɱɚɫɬɧɨɝɨ, ɩɪɨɢɡɜɟɞɟɧɢɹ, ɫɥɨɠɧɨɣ 
ɢ� ɨɛɪɚɬɧɨɣ� ɮɭɧɤɰɢɣ. ɂɫɤɭɫɫɬɜɨ� ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ� ɛɚɡɢɪɭɟɬɫɹ 
ɥɢɲɶ�ɧɚ�ɡɧɚɧɢɢ�ɨɬɞɟɥɶɧɵɯ�ɦɟɬɨɞɨɜ�ɢɥɢ�ɩɪɢɟɦɨɜ. 

 
1. Ɇɟɬɨɞ�ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨɝɨ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ 
 

Ɉɩɪɟɞɟɥɟɧɢɟ.� ɇɟɩɨɫɪɟɞɫɬɜɟɧɧɵɦ� ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ� ɧɚɡɵ-
ɜɚɟɬɫɹ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɟ�ɫ�ɩɨɦɨɳɶɸ�ɫɜɨɣɫɬɜ�ɢ�ɬɚɛɥɢɰɵ�ɧɟɨɩɪɟɞɟ-
ɥɟɧɧɨɝɨ�ɢɧɬɟɝɪɚɥɚ�ɫ�ɩɪɟɞɜɚɪɢɬɟɥɶɧɵɦɢ�ɚɥɝɟɛɪɚɢɱɟɫɤɢɦɢ�ɩɪɟɨɛ-
ɪɚɡɨɜɚɧɢɹɦɢ�ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɣ�ɮɭɧɤɰɢɢ. 

 
Ɂɚɦɟɱɚɧɢɹ. 
1. ɉɟɪɟɞ� ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ� ɜɫɟ� ɤɨɪɧɢ� ɨɬ х� ɧɟɨɛɯɨɞɢɦɨ 

ɩɪɟɞɫɬɚɜɢɬɶ�ɜ�ɜɢɞɟ�ɞɪɨɛɧɨɣ�ɫɬɟɩɟɧɢ  х, ɬ. ɟ.  nn xx /1= . 
2. Ɂɧɚɱɟɧɢɹ х�ɜ�ɤɚɤɨɣ�ɥɢɛɨ�ɫɬɟɩɟɧɢ, ɫɬɨɹɳɢɟ�ɜ�ɡɧɚɦɟɧɚɬɟ-

ɥɟ, ɩɟɪɟɞ� ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ� ɫɥɟɞɭɟɬ� ɡɚɩɢɫɚɬɶ� ɫ� ɨɬɪɢɰɚɬɟɥɶɧɨɣ 

ɫɬɟɩɟɧɶɸ, ɬ. ɟ. Į
Į

1 -= х
х

, ɝɞɟ 1Į ¹ . 

 
ɉɪɢɦɟɪɵ: 
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1.1. =ò ÷
ø
ö

ç
è
æ -++ dxхх
х

45
3 73

ò ò ò -++- dxdxxdxx 73 5/13  

ò -×++-=+-×++
-

×=-
-

xxx
x

Cxxхxdxx 7
6
5

2
3

5
7

5/62
3 5

2

55/62
4  

Cx
+-

5

5
. �ɂɫɩɨɥɶɡɨɜɚɥɢ�ɢɡ�ɬɚɛɥɢɰɵ�ɮɨɪɦɭɥɵ 1 ɢ 2). 

1.2. =ò
+ dx
x
х 2)72(

=ò
++ dx

x
xх 49284 2

+ò dx
x
х2

4  

=ò+ò+ dx
x

dx
x
х 14928 +ò dxx4 =ò+ò dx

x
dx 14928 ++× xx 28

2
4

2
 

Cx +×+ ln49 . (ɂɫɩɨɥɶɡɨɜɚɥɢ�ɢɡ�ɬɚɛɥɢɰɵ�ɮɨɪɦɭɥɵ 1 – 3). 

1.3. =ò
+
+- dx
x
х

2

2

5
52

=ò
+
+

-ò
+

dx
х
хdx

x 2

2

2 5
5

5
12  

.5ln
5

arctg 
5

12
5

1
)5(
12 2

222 Cxxxdx
x

dx
x

+++-=ò
+

-ò
+

=

�ɂɫɩɨɥɶɡɨɜɚɥɢ�ɢɡ�ɬɚɛɥɢɰɵ�ɮɨɪɦɭɥɵ 8 ɢ 11). 

1.4. =ò × dxхх 243 Cdxdx
x

хх +ò ==ò ×
48ln

4848)43( 2 . 

�ɂɫɩɨɥɶɡɨɜɚɥɢ�ɢɡ�ɬɚɛɥɢɰɵ�ɮɨɪɦɭɥɭ 5). 

1.5. =ò
× xx

dx
22 cossin

 =ò
×

dx
xx 22 cossin

1  

=ò
×
+

= dx
xx
xx

22

22

cossin
cossin

ò =
×

+ò
×

dx
xx

xdx
xx

x
22

2

22

2

cossin
cos

cossin
sin  

Cxxdx
x

dx
x

+-ò =+ò=  ctg  tg
sin

1
cos

1
22 . (ɂɫɩɨɥɶɡɨɜɚɥɢ� ɨɫɧɨɜ-

ɧɨɟ�ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɟ�ɬɨɠɞɟɫɬɜɨ: 1cossin 22 =+ xx �ɢ�ɩɪɢɦɟ-
ɧɢɥɢ�ɢɡ�ɬɚɛɥɢɰɵ�ɮɨɪɦɭɥɵ 12 ɢ 13). 
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2. ɉɨɞɜɟɞɟɧɢɟ�ɮɭɧɤɰɢɢ�ɩɨɞ�ɡɧɚɤ�ɞɢɮɮɟɪɟɧɰɢɚɥɚ 
 
ɇɟɨɛɯɨɞɢɦɨ�ɨɬɦɟɬɢɬɶ, ɱɬɨ�ɬɚɛɥɢɱɧɵɟ�ɮɨɪɦɭɥɵ�ɢɧɬɟɝɪɢɪɨ-

ɜɚɧɢɹ�ɢɧɜɚɪɢɚɧɬɧɵ�ɨɬɧɨɫɢɬɟɥɶɧɨ� ɫɜɨɟɣ�ɮɨɪɦɵ,  ɬ.  ɟ.  ɜɦɟɫɬɨ� ɚɪ-
ɝɭɦɟɧɬɚ  х  ɦɨɠɟɬ�ɫɬɨɹɬɶ�ɥɸɛɚɹ�ɮɭɧɤɰɢɹ, ɢɦɟɸɳɚɹ�ɧɟɩɪɟɪɵɜɧɭɸ 
ɩɪɨɢɡɜɨɞɧɭɸ, ɚ�ɢɦɟɧɧɨ: ɟɫɥɢ ò += CxFdxxf )()( , ɬɨ 
ò += CxqFxqdxqf ))(()())(( . 

 
ɉɪɢɦɟɪɵ: 
 
2.1. ò += Cedee xxx sin)(cos ,  

2.2. Cxxdx +ò =
4

sinsinsin
4

3 , 

2.3. Cxd
x

x +ò =
3ln

3 tg3
 tg

 tg , 

2.4. Cxxdx +ò =
3/4
)(lnln ln

3/4
3 . 

ɋɜɨɣɫɬɜɨ� ɢɧɜɚɪɢɚɧɬɧɨɫɬɢ� ɢɫɩɨɥɶɡɭɟɬɫɹ� ɱɚɳɟ� ɜɫɟɝɨ� ɩɨɫɥɟ 
ɩɪɢɦɟɧɟɧɢɹ� ɤ� ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɦɭ� ɜɵɪɚɠɟɧɢɸ� ɩɪɢɟɦɚ, ɤɨɬɨɪɵɣ 
ɧɚɡɵɜɚɟɬɫɹ� ɩɨɞɜɟɞɟɧɢɟɦ�ɩɨɞ� ɡɧɚɤ� ɞɢɮɮɟɪɟɧɰɢɚɥɚ. ɋɭɬɶ�ɦɟɬɨɞɚ 
ɡɚɤɥɸɱɚɟɬɫɹ� ɜ� ɩɪɟɨɛɪɚɡɨɜɚɧɢɢ� ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɝɨ� ɜɵɪɚɠɟɧɢɹ� ɫ 
ɩɨɦɨɳɶɸ� ɮɨɪɦɭɥɵ� ɞɥɹ� ɞɢɮɮɟɪɟɧɰɢɚɥɚ� ɮɭɧɤɰɢɢ, ɤɨɬɨɪɚɹ� ɢɫ-
ɩɨɥɶɡɭɟɬɫɹ� ɫɩɪɚɜɚ� ɧɚɥɟɜɨ: ))(()( xddxх j=×j¢ , ɬ. ɟ. ɨɞɧɚ� ɢɡ� ɩɨ-
ɞɵɧɬɟɝɪɚɥɶɧɵɯ�ɮɭɧɤɰɢɣ�ɡɚɛɢɪɚɟɬɫɹ�ɩɨɞ�ɡɧɚɤ�ɞɢɮɮɟɪɟɧɰɢɚɥɚ. 

ɇɢɠɟɫɥɟɞɭɸɳɚɹ� ɬɚɛɥɢɰɚ� ɩɨɦɨɝɚɟɬ� ɭɜɢɞɟɬɶ� ɮɭɧɤɰɢɸ, ɤɨ-
ɬɨɪɭɸ�ɧɭɠɧɨ�ɭɛɪɚɬɶ�ɩɨɞ�ɡɧɚɤ�ɞɢɮɮɟɪɟɧɰɢɚɥɚ. 

 
Ɍɚɛɥɢɰɚ�ɞɢɮɮɟɪɟɧɰɢɚɥɨɜ 

1.  
2

2dxdxх =×    8.  xddxx sincos +=  
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2.  
3

3
2 dxdxх =    9.  xddxx cossin -=  

3.  
1

1

+
=

+

n
dxdxх

n
n   10. xd

x
dx  tg

cos2 =  

4.  )(
2

xd
x

dx
=   11. xcd

x
dx  tg

sin 2 -=  

5.  xd
x

dx ln=    12. xd
x

dx  arctg
1 2 =
+

 

6.  xx eddxe =    13. xd
x

dx arcsin 
1 2

=
-

 

7.  
a

addxa
x

x

ln
=  

ɂɧɨɝɞɚ� ɤ� ɫɜɨɣɫɬɜɭ� ɢɧɜɚɪɢɚɧɬɧɨɫɬɢ� ɦɨɠɧɨ� ɩɪɢɞɬɢ� ɛɨɥɟɟ 
ɥɟɝɤɢɦ�ɩɭɬɟɦ, ɢɫɩɨɥɶɡɭɹ�ɫɜɨɣɫɬɜɚ�ɞɢɮɮɟɪɟɧɰɢɚɥɚ: 

1) )( axddx ±= �í�ɩɨɞ�ɡɧɚɤɨɦ�ɞɢɮɮɟɪɟɧɰɢɚɥɚ�ɦɨɠɧɨ�ɩɪɢ-
ɛɚɜɥɹɬɶ�ɢ�ɨɬɧɢɦɚɬɶ�ɥɸɛɭɸ�ɤɨɧɫɬɚɧɬɭ; 

2) )(1 кхd
к

dx = � í� ɩɨɞ� ɡɧɚɤɨɦ� ɞɢɮɮɟɪɟɧɰɢɚɥɚ� ɦɨɠɧɨ� ɭɦ-

ɧɨɠɚɬɶ�ɢ�ɨɞɧɨɜɪɟɦɟɧɧɨ�ɞɟɥɢɬɶ�ɧɚ�ɤɨɧɫɬɚɧɬɭ  к. 
 
ɉɪɢɦɟɪɵ: 

2.5. ò ò +×-=ò
÷
÷
÷
÷

ø

ö

ç
ç
ç
ç

è

æ

+- dxxdxedxxxе xх 3cos

2
sin

13cos 4

2

4  

=ò+ò-ò=ò+
2/sin

2/233cos
3
14

4
1

2/sin 2
4

2 x
xdxdxxde

x
dx x  

Cxxe x +--=
2

 ctg23sin
3
1

4
1 4 . 
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2.6. +
+

=+ò +=ò +
20

)57(
7
1)57()57(

7
1)57(

20
1919 xxdхdxх  

CxC +
+

=+
140

)57( 20
. 

 

2.7. ò ò +=+ò=ò
+ xdxdxxdx

x
xdx

x
xx lnlnlnln 52

535
 

ò ++=+ Cxxdxx
36

)(ln 36
2 . 

ȼ�ɢɧɬɟɝɪɚɥɟ dx
x
x

ò
5)(ln �ɭɛɪɚɥɢ 

x
1 �ɩɨɞ�ɡɧɚɤ�ɞɢɮɮɟɪɟɧɰɢɚ-

ɥɚ�ɩɨ�ɮɨɪɦɭɥɟ 5, ɚ�ɢɦɟɧɧɨ: xddx
x

ln1
= . 

2.8. =+=ò=ò
+

Cxxgdxdx
x

x
2/3
) arctg(arct) arctg(

1
 arctg 2/3

2/1
2  

Cx += 3) arctg(
3
2 . 

ɂɫɩɨɥɶɡɨɜɚɥɢ� ɮɨɪɦɭɥɭ 12: xd
x

dx  arctg
1 2 =
+

� ɢ� ɫɜɨɣɫɬɜɨ 

ɢɧɜɚɪɢɚɧɬɧɨɫɬɢ. 
Ɇɟɬɨɞ�ɩɨɞɜɟɞɟɧɢɹ�ɩɨɞ�ɡɧɚɤ�ɞɢɮɮɟɪɟɧɰɢɚɥɚ�ɧɚɡɵɜɚɸɬ�ɢɧɚ-

ɱɟ� ɭɫɬɧɨɣ� ɩɨɞɫɬɚɧɨɜɤɨɣ, ɬ. ɤ. ɞɚɧɧɵɟ� ɢɧɬɟɝɪɚɥɵ� ɦɨɠɧɨ� ɛɵɥɨ 
ɜɡɹɬɶ�ɦɟɬɨɞɨɦ�ɩɨɞɫɬɚɧɨɜɤɢ. 

 
3. Ɇɟɬɨɞ�ɩɨɞɫɬɚɧɨɜɤɢ (ɦɟɬɨɞ�ɡɚɦɟɧɵ�ɩɟɪɟɦɟɧɧɨɣ) 

 
ȼɨ�ɦɧɨɝɢɯ�ɫɥɭɱɚɹɯ, ɟɫɥɢ�ɧɟɤɨɬɨɪɭɸ�ɮɭɧɤɰɢɸ�ɨɬ  х�ɨɛɨɡɧɚ-

ɱɢɬɶ� ɱɟɪɟɡ� ɧɨɜɭɸ� ɩɟɪɟɦɟɧɧɭɸ, ɬɨ� ɢɧɬɟɝɪɚɥ� ɡɚɩɢɫɚɧɧɵɣ� ɱɟɪɟɡ 
ɧɨɜɵɣ�ɚɪɝɭɦɟɧɬ�ɨɤɚɠɟɬɫɹ�ɧɚɦɧɨɝɨ�ɩɪɨɳɟ�ɢɥɢ�ɬɚɛɥɢɱɧɵɦ. 
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ɉɪɢɦɟɪɵ: 

3.1. dx
x

е x

ò
+

2

5 ctg

sin
 

ɫɩɪɚɜɚ ɢ ɫɥɟɜɚ1
sin

1
ɧɰɢɪɭɟɦɩɪɨɞɢɮɮɟɪɟ,5 ctg

Ɉɛɨɡɧɚɱɢɦ

2 dtdx
x

tx

×=

=+  = 

ò +=+=×= + CeCedte xtt 5 ctg . 
Ɋɚɫɫɦɨɬɪɢɦ� ɢɧɬɟɝɪɚɥɵ, ɤɨɬɨɪɵɟ�ɦɨɠɧɨ� ɧɚɣɬɢ� ɬɨɥɶɤɨ� ɦɟ-

ɬɨɞɨɦ�ɩɨɞɫɬɚɧɨɜɤɢ. 
ɂɧɬɟɝɪɚɥɵ, ɫɨɞɟɪɠɚɳɢɟ� ɤɜɚɞɪɚɬɧɵɣ� ɬɪɟɯɱɥɟɧ� ɜ� ɡɧɚ-

ɦɟɧɚɬɟɥɟ. 
Ʉɜɚɞɪɚɬɧɵɣ�ɬɪɟɯɱɥɟɧ�ɧɟɨɛɯɨɞɢɦɨ�ɩɪɟɨɛɪɚɡɨɜɚɬɶ, ɜɵɞɟɥɢɜ 

ɢɡ�ɧɟɝɨ�ɩɨɥɧɵɣ�ɤɜɚɞɪɚɬ, ɚ�ɩɨɬɨɦ�ɜɜɟɫɬɢ�ɩɨɞɫɬɚɧɨɜɤɭ. 

3.2. ò
+- 1272 xx

dx  = 

= 
dtdx

tx

хxxx

×=×
=-

-÷
ø
ö

ç
è
æ -=+--=+-

11:ɫɩɪɚɜɚ
 ɢ ɫɥɟɜɚ ɧɰɢɪɭɟɦɩɪɨɞɢɮɮɟɪɟ,2/7 Ɉɛɨɡɧɚɱɢɦ

4
1

2
712

4
49)2/7(127

2
22

 = 

= 
( )

C
x
xC

t
t

t
dt

t
dt

+
-
-

=+ò
+
-

×
=

-
=ò

- 3
4ln

2/1
2/1ln

2/12
1

2/14/1 222 . 

�ɂɫɩɨɥɶɡɨɜɚɥɢ�ɬɚɛɥɢɱɧɭɸ�ɮɨɪɦɭɥɭ 9 ɩɪɢ )2/1=a . 
 

3.3. ò
-- 2412 хх

dxх  = 
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= [ ] [ ]

2,2
ɟɟ ɧɰɢɪɭɟɦɩɪɨɞɢɮɮɟɪɟ ɢɭ ɩɨɞɫɬɚɧɨɜɤ ȼɜɟɞɟɦ

.)2(1616)2(124)2(

)124(124
222

22

-==®=+

+-=-+-=--+-

=-+-=+--

txdtdxtх

xxx

xxxx

 = 

ò ò -
-

=
-

-ò
-

=ò
-

×-
=

2

2

222 162
1

16
2

1616

)2(

t

dt

t

dt

t

dtt

t

dtt  

ò =
-

ò --×--=ò
-

- -

22
22/12

22 4
2)16()16(

2
1

4
2

t

dttdt
t

dt  

-+--=+-
-

×-= 2
2/12

)2(16(
4

arcsin2
2/1

)16(
2
1 xCtt  

Cx
+

+
-

4
2arcsin2 . 

 
4. ɂɧɬɟɝɪɢɪɨɜɚɧɢɟ�ɢɪɪɚɰɢɨɧɚɥɶɧɵɯ�ɜɵɪɚɠɟɧɢɣ 

 
Ɋɚɫɫɦɨɬɪɢɦ� ɢɧɬɟɝɪɚɥɵ� ɨɬ� ɢɪɪɚɰɢɨɧɚɥɶɧɵɯ� ɮɭɧɤɰɢɣ� ɜɢɞɚ 

ò g dxxxxR ),,( ȕĮ , ɝɞɟ�Į, ȕ, Ȗ – ɞɪɨɛɧɵɟ�ɪɚɰɢɨɧɚɥɶɧɵɟ�ɱɢɫɥɚ. 
ɗɬɨɬ� ɬɢɩ�ɢɧɬɟɝɪɚɥɨɜ�ɩɪɢɜɨɞɢɬɫɹ� ɤ� ɪɚɰɢɨɧɚɥɶɧɨɦɭ� ɜɢɞɭ� ɫ 

ɩɨɦɨɳɶɸ�ɩɨɞɫɬɚɧɨɜɤɢ ntx = , ɝɞɟ n – ɧɚɢɦɟɧɶɲɟɟ�ɤɪɚɬɧɨɟ�ɡɧɚ-
ɦɟɧɚɬɟɥɟɣ�ɞɪɨɛɟɣ�Į, ȕ, Ȗ, ɬ. ɟ. n� ɜɵɛɢɪɚɟɬɫɹ�ɬɚɤ,  ɱɬɨɛɵ�ɢɡɜɥɟɤ-
ɥɢɫɶ�ɜɫɟ�ɩɪɢɫɭɬɫɬɜɭɸɳɢɟ�ɤɨɪɧɢ. 

 
ɉɪɢɦɟɪ: 

4.1. ò
-

×
=ò

×=×

=
=

- 63 12

56 6

5

6

3 2

6 6
61 tt

dttt
dttdx

tx

xx

dxx  = 

ò =
-
×

= dt
tt
dttt

34

5
6 ò =

-
dt

tt
t

)1(
6 3

6

ò
-

dt
t
t

1
6

3
. 
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Ⱦɪɨɛɶ�ɧɟɩɪɚɜɢɥɶɧɚɹ, ɬ. ɤ. ɫɬɟɩɟɧɶ�ɜ�ɱɢɫɥɢɬɟɥɟ�ɛɨɥɶɲɟ�ɫɬɟ-
ɩɟɧɢ�ɡɧɚɦɟɧɚɬɟɥɹ, ɧɟɨɛɯɨɞɢɦɨ�ɜɵɞɟɥɢɬɶ�ɰɟɥɭɸ�ɱɚɫɬɶ�ɩɭɬɟɦ�ɞɟ-
ɥɟɧɢɹ�ɱɢɫɥɢɬɟɥɹ�ɧɚ�ɡɧɚɦɟɧɚɬɟɥɶ�ɫɬɨɥɛɢɤɨɦ: 

    3t          1-t  
   23 tt -   12 ++ tt  
          2t  
         tt -2  
                t  
               1-t  
                    1 

ɬ. ɟ. =ò
-

dt
t
t

1
6

3

ò =÷
ø
ö

ç
è
æ

-
+++ dt

t
tt

1
116 2  

= úû
ù

êë
é
ò ò ò ò -

-
+++ )1(

1
16 2 td

t
dtdttdtt  = +÷

÷
ø

ö
ç
ç
è

æ
-+++ 1ln

23
6

23
tttt  

+ С = (ɬ. ɤ. 6tx = , ɬɨ 6 xt = ) = +++ 62636 6)(3)(2 ххx  

CxxxxCx +-+++=+-+ 1ln66321ln6 6636 . 

 
5. ɂɧɬɟɝɪɢɪɨɜɚɧɢɟ�ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɢɯ�ɜɵɪɚɠɟɧɢɣ 

 
Ɉɞɧɢɦ� ɢɡ� ɪɟɤɨɦɟɧɞɭɟɦɵɯ� ɦɟɬɨɞɨɜ� ɞɥɹ� ɬɚɤɢɯ� ɜɵɪɚɠɟɧɢɣ 

ɹɜɥɹɟɬɫɹ� ɭɧɢɜɟɪɫɚɥɶɧɚɹ� ɩɨɞɫɬɚɧɨɜɤɚ: tx
=

2
 tg ,  ɢɡ� ɤɨɬɨɪɨɣ� ɫɥɟ-

ɞɭɟɬ, ɱɬɨ 21
2sin

t
tx

+
= , 2

2

1
1cos

t
tx

+
-

= , 21
2

t
dtdx
+

= , ɟɫɥɢ tx = tg , 

ɬɨɝɞɚ 2
2

1
1cos
t

x
+

= ; 2

2
2

1
sin

t
tx
+

= ; 21 t
dtdx
+

= . ɋɥɟɞɭɟɬ� ɨɬɦɟ-

ɬɢɬɶ,  ɱɬɨ�ɷɬɢ�ɩɨɞɫɬɚɧɨɜɤɢ�ɩɪɢɜɨɞɹɬ�ɤ�ɝɪɨɦɨɡɞɤɢɦ�ɜɵɪɚɠɟɧɢɹɦ,  
ɩɨɷɬɨɦɭ�ɨɧɢ�ɢɫɩɨɥɶɡɭɸɬɫɹ�ɜ�ɨɫɧɨɜɧɨɦ, ɤɨɝɞɚ�ɮɭɧɤɰɢɢ  sin x�ɢ  
cos x�ɧɚɯɨɞɹɬɫɹ�ɜ�ɡɧɚɦɟɧɚɬɟɥɟ. 
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ɉɪɢɦɟɪɵ: 
 

5.1. =ò
+

=
+

===
+ 22 1

2,
1

2sin,
2

 tg
sin1 t

dtdx
t
txtx

x
dx  

ò ò ò =++=
+

=
×+

=ò
+

= -

+
++

+

+ )1()1(2
)1(

2
)1(

2
1

2
2

)1(
)21(2

1
2

1
2

2

2
2

2
tdt

t
dt

t

dt

t
tt

t
t

t
dt

 

Cx
xtC

t
Ct

+
+

-
===+

+
-

=+
-
+

×=
-

2
tg1

2
2

tg
1

2
1
)1(2

1
. 

 

5.2. =ò
+

=
+

===
+ 22

2
2 1

,
1

1cos,  tg
cos1 t

dtdx
t

xtx
x

dx  

=+ò ò =
+

=
×+

=ò
+

=

+
++

+

+ Ct
t

dt

t

dt

t
t

t

t
dt

2
arctg 

2
1

2)1(1 2

)1(
)11(2

1
1

1

2

2
2

2
 

Cxхt +÷
ø

ö
ç
è

æ
===

2
 tg arctg 

2
1 tg . 

ȼɨɡɦɨɠɟɧ�ɢ� ɛɨɥɟɟ�ɩɪɨɫɬɨɣ� ɜɚɪɢɚɧɬ�ɩɨɞɫɬɚɧɨɜɨɤ�ɢ�ɩɪɟɨɛ-
ɪɚɡɨɜɚɧɢɣ.  Ɍɚɤ  ɞɥɹ� ɢɧɬɟɝɪɚɥɨɜ� ɜɢɞɚ ò dxxmsin , ò dxxncos , 

ò × dxdxx nm cossin , ɟɫɥɢ  m  ɢ  n  ɱɟɬɧɵɟ, ɢɫɩɨɥɶɡɭɸɬ�ɮɨɪɦɭɥɵ, 

ɩɨɧɢɠɚɸɳɢɟ�ɫɬɟɩɟɧɶ: )2cos1(
2
1sin 2 xx -= , )2cos1(

2
1cos2 xx += , 

xxx 2sin
2
1cossin =× ; ɟɫɥɢ  m  ɢɥɢ  n, ɢɥɢ�ɨɛɟ�ɫɬɟɩɟɧɢ�ɧɟɱɟɬɧɵɟ, 

ɬɨ�ɦɟɧɶɲɭɸ�ɧɟɱɟɬɧɭɸ�ɫɬɟɩɟɧɶ�ɪɚɡɛɢɜɚɸɬ�ɧɚ�ɩɪɨɢɡɜɟɞɟɧɢɟ�ɩɟɪ-
ɜɨɣ�ɫɬɟɩɟɧɢ�ɢ�ɨɫɬɚɜɲɟɣɫɹ�ɱɟɬɧɨɣ, ɤ�ɤɨɬɨɪɨɣ�ɩɪɢɦɟɧɹɸɬ�ɨɞɧɭ�ɢɡ 
ɮɨɪɦɭɥ xx 22 cos1sin -= � ɢɥɢ xx 22 sin1cos -= ,  ɚ� ɡɚɬɟɦ� ɮɭɧɤ-
ɰɢɸ�ɜ�ɱɟɬɧɨɣ�ɫɬɟɩɟɧɢ�ɨɛɨɡɧɚɱɚɸɬ�ɱɟɪɟɡ  t. 
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5.3. ò ò ò =úû
ù

êë
é +=÷

ø
ö

ç
è
æ= dxxdxxdxx 22

24 )cos1{
2
1

2
cos

2
cos  

ò =ò ò ++ò =++= dxxdxxdxdxxx 22 cos
4
1cos

2
1

4
1)coscos21(

4
1  

ò ò ò ++=+ò ò ++= dxxdxdxxdxxdx cos
2
1

4
1)2cos1(

2
1

4
1cos

2
1

4
1  

ò ò ++++=×
×

++ Cxxxxdxxdx 2sin
16
1

82
sin

4
22cos

28
1

8
1 . 

 
5.4. =ò ××ò =× dxxxxdxxx 5253 cossinsincossin  

=
×=×-

=
ò =-=

dtdxx
tx

dxxxx
1sin

cos
cos)cos1(sin 52  

ò =+-=-=ò ò -=-××-= Cttdttdttdtttdttt
68

)1()()1(
68

575252  

Cxx
+-=

6
cos

8
cos 68

. 

 
6. Ɇɟɬɨɞ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ�ɩɨ�ɱɚɫɬɹɦ 

 
ɇɚɯɨɠɞɟɧɢɟ� ɢɧɬɟɝɪɚɥɚ� ɫ� ɩɨɦɨɳɶɸ� ɮɨɪɦɭɥɵ 

ò ò ×-×=× duvvudvu , ɝɞɟ u  ɢ  v  ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɵɟ�ɮɭɧɤɰɢɢ�ɨɬ  
х, ɧɚɡɵɜɚɟɬɫɹ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ�ɩɨ�ɱɚɫɬɹɦ. 

Ɇɟɬɨɞ�ɪɟɤɨɦɟɧɞɭɟɬɫɹ�ɢɫɩɨɥɶɡɨɜɚɬɶ, ɟɫɥɢ�ɩɨɞ�ɡɧɚɤɨɦ�ɢɧɬɟ-
ɝɪɚɥɚ�ɬɪɚɧɫɰɟɧɞɟɧɬɧɵɟ�ɮɭɧɤɰɢɢ�ɢɥɢ�ɢɯ�ɩɪɨɢɡɜɟɞɟɧɢɹ�ɧɚ�ɚɥɝɟɛ-
ɪɚɢɱɟɫɤɢɟ�ɮɭɧɤɰɢɢ. ɋ�ɩɨɦɨɳɶɸ� ɭɤɚɡɚɧɧɨɣ� ɮɨɪɦɭɥɵ� ɧɚɯɨɠɞɟ-
ɧɢɟ�ɢɧɬɟɝɪɚɥɚ ò ×dvu �ɫɜɨɞɢɬɫɹ�ɤ�ɨɬɵɫɤɚɧɢɸ�ɛɨɥɟɟ�ɩɪɨɫɬɨɝɨ�ɢɧ-
ɬɟɝɪɚɥɚ ò ×duv . Ɉɫɧɨɜɧɚɹ�ɬɪɭɞɧɨɫɬɶ�ɦɟɬɨɞɚ�ɡɚɤɥɸɱɚɟɬɫɹ�ɜ� ɭɦɟ-
ɧɢɢ� ɩɪɚɜɢɥɶɧɨ� ɪɚɡɛɢɬɶ� ɞɚɧɧɨɟ� ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɟ� ɜɵɪɚɠɟɧɢɟ�ɧɚ 
ɦɧɨɠɢɬɟɥɢ  u  ɢ  dv . ȼ�ɨɛɳɟɦ�ɫɥɭɱɚɟ�ɪɟɤɨɦɟɧɞɭɟɬɫɹ�ɡɚ  u  ɛɪɚɬɶ 
ɮɭɧɤɰɢɸ, ɤɨɬɨɪɚɹ�ɭɩɪɨɳɚɟɬɫɹ�ɩɪɢ�ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɢ, ɚ�ɡɚ dv  
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ɬɭ� ɱɚɫɬɶ� ɩɨɞɵɧɬɟɝɪɚɥɶɧɨɝɨ� ɜɵɪɚɠɟɧɢɹ, ɤɨɬɨɪɚɹ� ɥɟɝɤɨ�ɢɧɬɟɝɪɢ-
ɪɭɟɬɫɹ. 

Ȼɨɥɟɟ� ɤɨɧɤɪɟɬɧɨ� ɦɨɠɧɨ� ɞɚɬɶ� ɫɥɟɞɭɸɳɢɟ� ɩɪɢɨɪɢɬɟɬɧɵɟ 
ɭɤɚɡɚɧɢɹ  ɞɥɹ�ɜɵɛɨɪɚ  u. 

1. ȿɫɥɢ� ɩɨɞ� ɡɧɚɤɨɦ� ɢɧɬɟɝɪɚɥɚ� ɟɫɬɶ� ɥɨɝɚɪɢɮɦɢɱɟɫɤɚɹ� ɢɥɢ 
ɨɛɪɚɬɧɚɹ� ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɚɹ�ɮɭɧɤɰɢɹ, ɬɨ�ɢɦɟɧɧɨ�ɨɧɚ�ɜɵɛɢɪɚ-
ɟɬɫɹ�ɡɚ  u. 

2. ȿɫɥɢ�ɷɬɢɯ�ɮɭɧɤɰɢɣ�ɧɟɬ, ɧɨ�ɩɨɞ�ɡɧɚɤɨɦ�ɢɧɬɟɝɪɚɥɚ�ɜ�ɤɚɱɟɫɬ-
ɜɟ�ɦɧɨɠɢɬɟɥɹ�ɩɪɢɫɭɬɫɬɜɭɟɬ�ɦɧɨɝɨɱɥɟɧ, ɬɨ�ɨɧ�ɨɛɨɡɧɚɱɚɟɬɫɹ�ɡɚ  u. 

3. ȿɫɥɢ�ɩɨɞ�ɡɧɚɤɨɦ�ɢɧɬɟɝɪɚɥɚ�ɩɪɨɢɡɜɟɞɟɧɢɟ�ɮɭɧɤɰɢɣ�ɩɨɤɚ-
ɡɚɬɟɥɶɧɨɣ�ɧɚ�ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɭɸ�ɬɨ�ɡɚ  u�ɜɵɛɢɪɚɟɬɫɹ�ɥɸɛɚɹ�ɢɡ 
ɧɢɯ. ɂɧɬɟɝɪɚɥɵ�ɬɚɤɨɝɨ�ɜɢɞɚ�ɧɚɡɵɜɚɸɬɫɹ�ɤɪɭɝɨɜɵɦɢ�ɢɥɢ�ɤɨɥɶɰɟ-
ɜɵɦɢ. Ʉɪɭɝɨɜɵɦɢ�ɹɜɥɹɸɬɫɹ�ɢ�ɢɧɬɟɝɪɚɥɵ�ɨɬ�ɧɟɤɨɬɨɪɵɯ�ɫɥɨɠɧɵɯ 
ɮɭɧɤɰɢɣ. ɋɥɟɞɭɟɬ� ɨɬɦɟɬɢɬɶ, ɱɬɨ� ɜ� ɫɥɭɱɚɟ� ɧɟɨɛɯɨɞɢɦɨɫɬɢ� ɮɨɪ-
ɦɭɥɭ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ�ɩɨ�ɱɚɫɬɹɦ�ɦɨɠɧɨ�ɩɪɢɦɟɧɹɬɶ�ɦɧɨɝɨɤɪɚɬɧɨ. 

 
ɉɪɢɦɟɪɵ: 
 

6.1. =ò ×ò = - dxxxdx
x

x lnln 2/3
3

 

=
-

=
-

=
-

=ò==

=¢==
= -

--

xx
xdxxvdvxdv

dx
x

dxxduxu

22
2/1

1)(lnln

2/1

2/1
2/32/3

 

=ò+ò
-

=×--××-= -- dxxx
x

dx
x

xx
х

2/32/1 2ln212ln12  

C
xx

xCx
x
x

+--=+
-
×+-=

- 4ln2
2/1

2ln2 2/1
. 

 
6.2. =ò ++ dxexx x)1( 2  
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=
=ò==

+=¢++=++=
=

xxx edxevdxedv

dxxdxxxduxxu )12()1(1 22

 

ò =×+-×++= dxехехх хх )12()1( 2 �ɟɳɟ� ɪɚɡ� ɤ� ɩɨɫɥɟɞɧɟɦɭ� ɢɧɬɟ-
ɝɪɚɥɭ�ɩɪɢɦɟɧɢɦ�ɮɨɪɦɭɥɭ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ�ɩɨ�ɱɚɫɬɹɦ) = 

=
=ò==

=¢+=+=
= xxx edxevdxedv

dxdxxduxu 2)12(12
-×++ хехх )1( 2  

ò =×-+- ]2)12[( dxeex xx ò =++-×++ dxeexехх xxх 2)12()1( 2  
Ceexехх xxх +++-×++= 2)12()1( 2 . 

 
6.3. =ò × dxxx cos2   

=
ò ===

××=¢==
=

xdxxvdxxdv
dxdxduu xхx

sincoscos
2ln2)2(2  

= =ò ò-×=××-× dxxxdxxx xxxx sin22lnsin22ln2sinsin2  
= (ɤ�ɩɨɫɥɟɞɧɟɦɭ�ɢɧɬɟɝɪɚɥɭ�ɫɧɨɜɚ�ɩɪɢɦɟɧɢɦ�ɮɨɪɦɭɥɭ�ɢɧɬɟɝɪɢɪɨ-

ɜɚɧɢɹ�ɩɨ�ɱɚɫɬɹɦ) = =
ò -===

×=¢==
xdxxvdxxdv

dxdxduu xхx

cossinsin
2ln2)2(2  

=×ò ××---×-×= ]2ln2)cos()cos(2[2lnsin2 dxxxx xxx  

ò×-+= dxxxx xxx cos2)2(lncos2ln2sin2 2 . 
ȼ� ɪɟɡɭɥɶɬɚɬɟ� ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ� ɩɨɥɭɱɢɥɫɹ� ɢɫɯɨɞɧɵɣ� ɢɧɬɟ-

ɝɪɚɥ, ɩɨɷɬɨɦɭ�ɬɚɤɢɟ�ɢɧɬɟɝɪɚɥɵ�ɧɚɡɵɜɚɸɬɫɹ�ɤɨɥɶɰɟɜɵɦɢ. 
Ɉɛɨɡɧɚɱɢɦ Jdxxх =ò ×  ɫos2 , ɬɨɝɞɚ�ɩɨɥɭɱɢɬɫɹ�ɚɥɝɟɛɪɚɢɱɟ-

ɫɤɨɟ�ɭɪɚɜɧɟɧɢɟ�ɨɬɧɨɫɢɬɟɥɶɧɨ Ј, ɪɟɲɚɹ�ɤɨɬɨɪɨɟ�ɧɚɣɞɟɦ�ɫɚɦ�ɢɧɬɟ-
ɝɪɚɥ. ɂɦɟɟɦ   JxxJ xx ×-+= 2)2(lncos2ln2sin2  

xxJ xx cos2ln2sin2)2ln1( 2 +=+×  

  
2ln1

)cos2ln(sin2
2+

+
=

xxJ
x

. 
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Ɉɤɨɧɱɚɬɟɥɶɧɨ: .
2ln1

)cos2ln(sin2cos2 2 Cxxdxx
x

x +
+
+

=ò  

 
7. ɂɧɬɟɝɪɢɪɨɜɚɧɢɟ�ɪɚɰɢɨɧɚɥɶɧɵɯ�ɞɪɨɛɟɣ 
 

Ⱦɪɨɛɶ� ɜɢɞɚ 
)(
)(

xQ
хР � ɧɚɡɵɜɚɟɬɫɹ� ɪɚɰɢɨɧɚɥɶɧɨɣ, ɟɫɥɢ� ɟɟ� ɱɢɫ-

ɥɢɬɟɥɶ�ɢ�ɡɧɚɦɟɧɚɬɟɥɶ – ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ�ɦɧɨɝɨɱɥɟɧɵ, ɬ. ɟ. 

m
m

n
n

m

n

xbxbxbb
xaxaxaa

xQ
хР

×++++

×++++
=

...
...

)(
)(

2
210

2
210 . ȿɫɥɢ� ɫɬɟɩɟɧɶ� ɦɧɨɝɨɱɥɟɧɚ 

ɜ� ɱɢɫɥɢɬɟɥɟ� ɦɟɧɶɲɟ, ɱɟɦ� ɫɬɟɩɟɧɶ� ɦɧɨɝɨɱɥɟɧɚ� ɜ� ɡɧɚɦɟɧɚɬɟɥɟ     
�ɬ. ɟ. mn < ), ɬɨ�ɞɪɨɛɶ�ɩɪɚɜɢɥɶɧɚɹ, ɟɫɥɢ�ɠɟ mn ³ ,  ɬɨ�ɞɪɨɛɶ�ɧɟ-
ɩɪɚɜɢɥɶɧɚɹ. Ɇɟɬɨɞɢɤɚ� ɩɨɥɭɱɟɧɢɹ� ɩɪɚɜɢɥɶɧɨɣ� ɞɪɨɛɢ� ɢɡ� ɧɟɩɪɚ-
ɜɢɥɶɧɨɣ�ɭɠɟ�ɩɪɨɞɟɦɨɧɫɬɪɢɪɨɜɚɧɚ�ɜ�ɩɪɢɦɟɪɟ 4.1.. 

Ⱥɥɝɨɪɢɬɦ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ�ɪɚɰɢɨɧɚɥɶɧɨɣ�ɞɪɨɛɢ: 
1. ɉɨɥɭɱɢɬɶ�ɩɪɚɜɢɥɶɧɭɸ�ɞɪɨɛɶ. 
2. Ɋɚɡɥɨɠɢɬɶ�ɡɧɚɦɟɧɚɬɟɥɶ�ɞɪɨɛɢ�ɧɚ�ɩɪɨɫɬɵɟ�ɥɢɧɟɣɧɵɟ�ɢɥɢ 

ɤɜɚɞɪɚɬɢɱɧɵɟ (ɟɫɥɢ 0<D ) ɦɧɨɠɢɬɟɥɢ. 
3. ɉɪɟɞɫɬɚɜɢɬɶ�ɞɪɨɛɶ�ɜ�ɜɢɞɟ�ɫɭɦɦɵ�ɩɪɨɫɬɟɣɲɢɯ�ɞɪɨɛɟɣ�ɫ 

ɧɟɢɡɜɟɫɬɧɵɦɢ� ɛɭɤɜɟɧɧɵɦɢ� ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, ɢɫɩɨɥɶɡɭɹ� ɧɢɠɟ-
ɭɤɚɡɚɧɧɭɸ�ɬɚɛɥɢɰɭ. 

4. ȼɵɱɢɫɥɢɬɶ� ɧɟɢɡɜɟɫɬɧɵɟ� ɤɨɷɮɮɢɰɢɟɧɬɵ� ɥɢɛɨ� ɦɟɬɨɞɨɦ 
ɧɟɨɩɪɟɞɟɥɟɧɧɵɯ�ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɥɢɛɨ�ɦɟɬɨɞɨɦ� ɱɚɫɬɧɵɯ� ɡɧɚɱɟ-
ɧɢɣ, ɥɢɛɨ�ɤɨɦɛɢɧɢɪɭɹ�ɨɛɚ�ɦɟɬɨɞɚ. 

5. ɇɚɣɬɢ�ɢɧɬɟɝɪɚɥɵ�ɨɬ�ɩɪɨɫɬɟɣɲɢɯ�ɞɪɨɛɟɣ. 
ɋɥɟɞɭɟɬ� ɨɬɦɟɬɢɬɶ, ɱɬɨ� ɱɢɫɥɨ� ɩɪɨɫɬɟɣɲɢɯ� ɞɪɨɛɟɣ� ɡɚɜɢɫɢɬ 

ɨɬ� ɱɢɫɥɚ� ɤɨɪɧɟɣ�ɦɧɨɝɨɱɥɟɧɚ, ɫɬɨɹɳɟɝɨ� ɜ� ɡɧɚɦɟɧɚɬɟɥɟ. ɋɭɳɟɫɬ-
ɜɭɸɬ�ɬɟɨɪɟɦɵ, ɭɬɜɟɪɠɞɚɸɳɢɟ, ɱɬɨ�ɜɫɹɤɢɣ�ɦɧɨɝɨɱɥɟɧ�ɫɬɟɩɟɧɢ  n 
ɢɦɟɟɬ n�ɤɨɪɧɟɣ�ɢ�ɦɨɠɟɬ�ɛɵɬɶ�ɩɪɟɞɫɬɚɜɥɟɧ�ɜ�ɜɢɞɟ�ɩɪɨɢɡɜɟɞɟɧɢɹ 
ɥɢɧɟɣɧɵɯ� ɫɨɦɧɨɠɢɬɟɥɟɣ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ� ɞɟɣɫɬɜɢɬɟɥɶɧɵɦ 
ɤɨɪɧɹɦ, ɢ�ɤɜɚɞɪɚɬɢɱɧɵɯ�ɫɨɦɧɨɠɢɬɟɥɟɣ, ɤɨɬɨɪɵɟ�ɫɨɨɬɜɟɬɫɬɜɭɸɬ 
ɩɚɪɚɦ�ɫɨɩɪɹɠɟɧɧɵɯ�ɤɨɦɩɥɟɤɫɧɵɯ�ɤɨɪɧɟɣ ( 0<D ). 
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ɍɫɜɨɢɬɶ� ɦɟɬɨɞɢɤɭ� ɪɚɡɥɨɠɟɧɢɹ� ɪɚɰɢɨɧɚɥɶɧɨɣ� ɞɪɨɛɢ� ɧɚ 
ɫɭɦɦɭ�ɩɪɨɫɬɟɣɲɢɯ�ɞɪɨɛɟɣ�ɩɨɦɨɠɟɬ�ɧɢɠɟɫɥɟɞɭɸɳɚɹ�ɬɚɛɥɢɰɚ. 

 
ȼɢɞ 

ɦɧɨɠɢɬɟ-
ɥɹ 

ɑɢɫ
ɥɨ 
ɞɪɨ
ɛɟɣ 

ȼɢɞ�ɩɪɨɫɬɵɯ�ɞɪɨɛɟɣ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ�ɞɚɧɧɨɦɭ 
ɦɧɨɠɢɬɟɥɸ�ɜ�ɡɧɚɦɟɧɚɬɟɥɟ 

ɥɢɧɟɣɧɵɣ 
ках )( ±  

к 
к

к

ах
A

ax
A

ax
A

ax
A

)(
...

)()()( 3
3

2
21

±
++

±
+

±
+

±
 

ɤɜɚɞɪɚ-
ɬɢɱɧɵɣ 

sq

рхх

)

( 2

+

++

 

 
s 

 
s

ss

qpxх
NxM

qpxx
NxM

qpxx
NхМ

)(
...

)()( 222
22

2
11

++
+

++
++

+
+

++
+

 

ɇɚɩɨɦɧɢɦ�ɦɟɬɨɞɢɤɭ�ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ�ɨɫɧɨɜɧɵɯ�ɬɢɩɨɜ�ɩɪɨ-
ɫɬɟɣɲɢɯ�ɞɪɨɛɟɣ. 

I ɬɢɩ  CaxA
ax
axdAdx

ax
A

+ò -=
-
-

=ò
-

ln
)(
)(

 

II ɬɢɩ C
m

axAaxdaxAdx
ax

A m
m

m +ò
-
-

=--=ò
-

-
-

1
)()()(

)(

1
 

III ɬɢɩ dx
qpxx

NxМ
ò

++
+×

2 �í�ɩɨɞɵɧɬɟɝɪɚɥɶɧɚɹ�ɞɪɨɛɶ�ɷɬɨɝɨ�ɬɢ-

ɩɚ� ɫɨɞɟɪɠɢɬ� ɜ� ɡɧɚɦɟɧɚɬɟɥɟ� ɤɜɚɞɪɚɬɧɵɣ� ɬɪɟɯɱɥɟɧ, ɢɡ� ɤɨɬɨɪɨɝɨ 
ɧɭɠɧɨ� ɜɵɞɟɥɢɬɶ� ɩɨɥɧɵɣ� ɤɜɚɞɪɚɬ, ɜɜɟɫɬɢ� ɩɨɞɫɬɚɧɨɜɤɭ� ɢ� ɫɜɟɫɬɢ 
ɞɚɧɧɵɣ�ɢɧɬɟɝɪɚɥ�ɤ�ɬɚɛɥɢɱɧɵɦ (ɫɦ. ɫɬɪ. 12). 

 
ɉɪɢɦɟɪɵ: 

7.1. ò
-+

+ dx
xxx

х
2

32
23  - ɩɨɞɵɧɬɟɝɪɚɥɶɧɚɹ�ɞɪɨɛɶ�ɩɪɚɜɢɥɶɧɚɹ. 

Ɋɚɡɥɨɠɢɦ�ɟɟ�ɡɧɚɦɟɧɚɬɟɥɶ�ɧɚ�ɦɧɨɠɢɬɟɥɢ:  =-+ ххх 223  
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)2()1()2( 2 +-=-+= хххххх , ɝɞɟ 1=х � ɢ 2-=х � ɤɨɪɧɢ� ɤɜɚɞ-
ɪɚɬɧɨɝɨ� ɬɪɟɯɱɥɟɧɚ )2( 2 -+ хх , ɧɚɣɞɟɧɧɵɟ� ɫ� ɩɨɦɨɳɶɸ� ɞɢɫɤɪɢ-
ɦɢɧɚɧɬɚ  D. 

ɉɨɞɵɧɬɟɝɪɚɥɶɧɭɸ�ɞɪɨɛɶ�ɫ�ɩɨɦɨɳɶɸ�ɬɚɛɥɢɰɵ�ɪɚɡɥɨɠɢɦ�ɧɚ 
ɫɭɦɦɭ�ɬɪɟɯ�ɩɪɨɫɬɟɣɲɢɯ�ɞɪɨɛɟɣ: 

212
32

23 +
+

-
+=

-+
+

х
С

х
В

х
А

ххх
х  

ɋɩɪɚɜɚ�ɞɪɨɛɢ�ɩɪɢɜɟɞɟɦ�ɤ�ɨɛɳɟɦɭ�ɡɧɚɦɟɧɚɬɟɥɸ, ɬɨɝɞɚ�ɱɢɫɥɢɬɟɥɢ 
ɞɚɞɭɬ�ɫɥɟɞɭɸɳɟɟ�ɭɪɚɜɧɟɧɢɟ:  

)1()2()2()1(32 -++++-=+ хСхххВххАх . 
Ⱦɥɹ� ɨɩɪɟɞɟɥɟɧɢɹ� ɛɭɤɜɟɧɧɵɯ� ɤɨɷɮɮɢɰɢɟɧɬɨɜ� ɩɪɢɦɟɧɢɦ� ɦɟɬɨɞ 
ɱɚɫɬɧɵɯ� ɡɧɚɱɟɧɢɣ. ɉɨɥɚɝɚɟɦ: 01=-х  (ɬ. ɟ. 1=х ), ɬɨɝɞɚ 

3/5=В . ȿɫɥɢ 02 =+х  (ɬ. ɟ. 2-=х ), ɬɨ 6/1-=C . ɉɪɢ 0=х    
ɩɨɥɭɱɢɦ 2/3-=A . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 

ò
-+

+ dx
xxx

х
2

32
23  = =ò úû

ù
êë
é

+
-

+
-

+
- dx

xxx 2
6/1

1
3/52/3  

=ò
+

-ò
-

+ò-= dx
x

dx
x

dx
x 2

1
6
1

1
1

3
51

2
3

=ò
+
+

-ò
-
-

+ò-=
2

)2(
6
1

1
)1(

3
5

2
3

x
xd

x
xd

x
dx  

Cxxx ++--+-= 2ln
6
11ln

3
5ln

2
3 . 

 

7.2. ò
+

++ dx
xx
хх

24

35

3
162 . ɉɨɞɵɧɬɟɝɪɚɥɶɧɚɹ�ɞɪɨɛɶ�ɧɟɩɪɚɜɢɥɶ-

ɧɚɹ. Ɋɚɡɞɟɥɢɦ�ɱɢɫɥɢɬɟɥɶ�ɧɚ�ɡɧɚɦɟɧɚɬɟɥɶ�ɫɬɨɥɛɢɤɨɦ: 
   162 35 ++ xx       24 3xx +  
   35 62 xx +                x2  
        1. 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 
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ò
+

++ dx
xx
хх

24

35

3
162  = .

)3(
12

3
12 2224 dx

xx
xdxdx

хх
х ò

+
+ò=ò úû

ù
êë
é

+
+  

�Ɂɧɚɦɟɧɚɬɟɥɶ�ɞɪɨɛɢ�ɪɚɡɥɨɠɢɥɢ�ɧɚ�ɦɧɨɠɢɬɟɥɢ). 
ɉɨɞɵɧɬɟɝɪɚɥɶɧɭɸ�ɞɪɨɛɶ�ɫ�ɩɨɦɨɳɶɸ�ɬɚɛɥɢɰɵ�ɪɚɡɥɨɠɢɦ�ɧɚ 

ɫɭɦɦɭ� ɩɪɨɫɬɟɣɲɢɯ� ɞɪɨɛɟɣ: 
3)3(

1
2222 +
+×

++=
+ x

NхМ
х
В

х
А

хх
. 

ɉɪɢɜɟɞɟɦ� ɞɪɨɛɢ� ɫɩɪɚɜɚ� ɤ� ɨɛɳɟɦɭ� ɡɧɚɦɟɧɚɬɟɥɸ, ɬ. ɤ. ɨɧ� ɛɭɞɟɬ 
ɨɞɢɧɚɤɨɜɵɦ�ɫɥɟɜɚ�ɢ�ɫɩɪɚɜɚ, ɬɨ�ɟɝɨ�ɦɨɠɧɨ�ɨɬɛɪɨɫɢɬɶ, ɬɨɝɞɚ�ɛɭɞɟɬ 
ɪɚɜɟɧɫɬɜɨ�ɱɢɫɥɢɬɟɥɟɣ:  

222 )()3()3(1 xNхМххВхА ×+×++×++= . 
ɋɧɚɱɚɥɚ� ɩɪɢɦɟɧɢɦ� ɦɟɬɨɞ� ɱɚɫɬɧɵɯ� ɡɧɚɱɟɧɢɣ. ɉɪɢɦɟɦ 0=х          
ɢ�ɩɨɞɫɬɚɜɢɦ�ɜ�ɭɤɚɡɚɧɧɨɟ�ɭɪɚɜɧɟɧɢɟ, ɬɨɝɞɚ А31 = , ɬ. ɟ. 3/1=А . 
Ɉɫɬɚɥɶɧɵɟ� ɤɨɷɮɮɢɰɢɟɧɬɵ� ɧɚɣɞɟɦ� ɦɟɬɨɞɨɦ� ɫɪɚɜɧɟɧɢɹ� ɤɨɷɮɮɢ-
ɰɢɟɧɬɨɜ� ɫɥɟɜɚ�ɢ� ɫɩɪɚɜɚ�ɩɟɪɟɞ� ɨɞɢɧɚɤɨɜɵɦɢ� ɫɬɟɩɟɧɹɦɢ  х, ɬ. ɟ. 
ɪɟɲɚɟɦ�ɫɢɫɬɟɦɭ 

ï
ï
î

ïï
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ì

=
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=+

). ɩɟɪɟɞ(03
) ɩɟɪɟɞ(0

) ɩɟɪɟɞ(0
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хВ
хNА

хМВ

 

ȼ�ɪɟɡɭɥɶɬɚɬɟ�ɢɦɟɟɦ 3/1=А , 0=В , 3/1-=N , 0=М . ɋɥɟɞɨɜɚ-
ɬɟɥɶɧɨ, 

.
3

arctg
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1
3
1
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3
1
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1 1

2222 Cxx
x

dx
x
dxdx

хх
+×-÷

÷
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ö
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ç
è
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-
ò =

+
-ò ò=

+

-

Ɉɤɨɧɱɚɬɟɥɶɧɨ    ò +--=
-

++ .
3

 arctg 
33

1
3
1

3
162 2

24

35
Cx

x
xdx

хх
хх  

 

7.3. ò
+
- dx

x
хх

8
4

3

2
. ɉɨɞɵɧɬɟɝɪɚɥɶɧɚɹ� ɞɪɨɛɶ� ɩɪɚɜɢɥɶɧɚɹ, ɩɨ-

ɷɬɨɦɭ�ɧɚɱɢɧɚɟɦ�ɪɚɛɨɬɚɬɶ�ɫɨ�ɜɬɨɪɨɝɨ�ɩɭɧɤɬɚ�ɚɥɝɨɪɢɬɦɚ. ɂɫɩɨɥɶ-
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ɡɭɟɦ� ɮɨɪɦɭɥɭ )()( 2233 babababа +-+=+ � ɞɥɹ� ɪɚɡɥɨɠɟɧɢɹ 
ɡɧɚɦɟɧɚɬɟɥɹ�ɧɚ�ɦɧɨɠɢɬɟɥɢ. ȼ�ɪɟɡɭɥɶɬɚɬɟ 

ò
+
- dx

x
хх

8
4

3

2
 = ò

+-+
- dx
хxх
хх

)42)(2(
4

2

2
. 

ɋ�ɩɨɦɨɳɶɸ�ɬɚɛɥɢɰɵ�ɪɚɡɥɨɠɢɦ�ɩɨɞɵɧɬɟɝɪɚɥɶɧɭɸ�ɞɪɨɛɶ�ɧɚ�ɫɭɦ-

ɦɭ� ɞɜɭɯ� ɩɪɨɫɬɟɣɲɢɯ� ɞɪɨɛɟɣ: 
2+х
А � í� ɞɥɹ� ɩɟɪɜɨɝɨ� ɦɧɨɠɢɬɟɥɹ,    

ɬ. ɤ. ɨɧ�ɥɢɧɟɣɧɨɝɨ�ɬɢɩɚ�ɢ�ɞɪɨɛɶ 
422 +-

+×
xx

NхМ �ɞɥɹ�ɜɬɨɪɨɝɨ�ɦɧɨɠɢ-

ɬɟɥɹ, ɬ. ɤ. ɨɧ�ɤɜɚɞɪɚɬɢɱɧɨɝɨ�ɜɢɞɚ. ɂɦɟɟɦ�ɪɚɜɟɧɫɬɜɨ�ɞɪɨɛɟɣ:  

422)42)(2(
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NxM
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xxx

xх . 

ɉɪɢɜɟɞɟɦ� ɞɪɨɛɢ� ɫɩɪɚɜɚ� ɤ� ɨɛɳɟɦɭ� ɡɧɚɦɟɧɚɬɟɥɸ, ɜ� ɱɢɫɥɢɬɟɥɟ 
ɪɚɫɤɪɨɟɦ� ɫɤɨɛɤɢ�ɢ� ɫɞɟɥɚɟɦ�ɩɪɢɜɟɞɟɧɢɟ� ɩɨɞɨɛɧɵɯ�ɱɥɟɧɨɜ. Ɍ. ɤ. 
ɡɧɚɦɟɧɚɬɟɥɢ�ɫɥɟɜɚ�ɢ�ɫɩɪɚɜɚ�ɨɞɢɧɚɤɨɜɵɟ, ɬɨ�ɢɯ�ɦɨɠɧɨ�ɨɬɛɪɨɫɢɬɶ. 
ȼ�ɪɟɡɭɥɶɬɚɬɟ 

)42()22()(4 22 ANxAMNхМАхх ++-+++=- . 
Ⱦɥɹ� ɧɚɯɨɠɞɟɧɢɹ� ɛɭɤɜɟɧɧɵɯ� ɤɨɷɮɮɢɰɢɟɧɬɨɜ� ɩɪɢɦɟɧɢɦ� ɦɟɬɨɞ 
ɧɟɨɩɪɟɞɟɥɟɧɧɵɯ�ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɬ. ɟ. ɩɪɢɪɚɜɧɹɟɦ�ɤɨɷɮɮɢɰɢɟɧ-
ɬɵ�ɫɥɟɜɚ�ɢ�ɫɩɪɚɜɚ�ɩɟɪɟɞ�ɨɞɢɧɚɤɨɜɵɦɢ�ɫɬɟɩɟɧɹɦɢ  х. Ɋɟɲɚɹ�ɫɢɫ-
ɬɟɦɭ, ɧɚɣɞɟɦ А, М, N.  

1=А ; 0=М ; 2-=N . 
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Ɍɨɝɞɚ� ɩɨɞɵɧɬɟɝɪɚɥɶɧɚɹ� ɞɪɨɛɶ  
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2
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23
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ɩɨɫɥɟɞɧɹɹ� ɞɪɨɛɶ� ɜ� ɡɧɚɦɟɧɚɬɟɥɟ� ɢɦɟɟɬ� ɤɜɚɞɪɚɬɧɵɣ� ɬɪɟɯɱɥɟɧ� ɫ 
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ɨɬɪɢɰɚɬɟɥɶɧɵɦ� ɞɢɫɤɪɢɦɢɧɚɧɬɨɦ. ȼɵɞɟɥɢɦ� ɢɡ� ɧɟɝɨ� ɩɨɥɧɵɣ 
ɤɜɚɞɪɚɬ�ɢ�ɜɜɟɞɟɦ�ɩɨɞɫɬɚɧɨɜɤɭ�ɞɥɹ�ɢɧɬɟɝɪɚɥɚ: 

3)1(42 22 +-=+- ххх ; tх =-1 ; dtdx = , ɬɨɝɞɚ 
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ȼȺɊɂȺɇɌɕ�ɄɈɇɌɊɈɅɖɇɕɏ�ɁȺȾȺɇɂɃ 
 
ɋɬɭɞɟɧɬ�ɞɨɥɠɟɧ� ɜɵɩɨɥɧɹɬɶ� ɤɨɧɬɪɨɥɶɧɨɟ� ɡɚɞɚɧɢɟ�ɩɨ�ɜɚɪɢ-

ɚɧɬɭ, ɧɨɦɟɪ�ɤɨɬɨɪɨɝɨ�ɫɨɜɩɚɞɚɟɬ�ɫ�ɩɨɫɥɟɞɧɟɣ�ɰɢɮɪɨɣ�ɟɝɨ�ɭɱɟɛɧɨ-
ɝɨ�ɧɨɦɟɪɚ (ɲɢɮɪɚ). 

ɇɚɣɬɢ� ɧɟɨɩɪɟɞɟɥɟɧɧɵɟ� ɢɧɬɟɝɪɚɥɵ� ɦɟɬɨɞɚɦɢ, ɪɚɫɫɦɨɬɪɟɧ-
ɧɵɦɢ�ɜɵɲɟ: 
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